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1st set

Exercise 1. Let a be an element of finite order k in the multiplicative group G.
Show that for m € Z we have a™ = e if and only if k | m, where e stands for the
identity element of G.

Exercise 2. Let R be a commutative ring with a unit that does not have any zero-
divisors. Show that charR = 0 or p, where p is a prime number. Deduce that a
finite field has prime characteristic.

Exercise 3. Take n > 1 a square-free integer and the integral domain Z[/—n] :=

{a +b\/—n | a,b € Z}. Show that Z[/—n]* = {£1}.

Exercise 4. Take n as in Exercise 3. In addition, assume that 7 is not a prime and
take p a prime divisor of n.

1. Show that p is not a prime in Z[/—n].
2. Show that p is irreducible in Z[v/—n].

Exercise 5. Take n as in Exercise 3. In addition, assume that n + 1 is not a prime
and take p a prime divisor of n + 1.

1. Show that p is not a prime in Z[v/—n].
2. Show that p is irreducible in Z[y/—n].

Exercise 6. Take n > 2 a square-free integer. Show that Z[/—n] is not a principal
ideal domain.

Exercise 7. Let R be a commutative ring with a unit. Show that
RIX]/(X*+ X3+ X +1)

is not a field.
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1o cet aoKnoEWV

Aocxnon 1. Eotw a otoiyeio memepacpévng téfng k ng moAanAaciaotikng
opddog G. Asi€te 6tL yioo to m € Z éxovpe 0TL ™ = e av kou povo av k | m,
6mov e to povadiaio otoryeio g G.

Aocxknon 2. Eotw R avtipetobetikdg daktdA0G pe povadiaio, TéTolog wote dev
vrtapyovv pundevodiapéteg. Aeiéte 6tL charR = 0 1} p, 670V P TPHOTOG. ZLpPTEPQ-
VETE OTL £VOL TIETEPATHEVO COHA EXEL TTPATT XAPAKTIPLOTLKT.

Aoxknon 3. IIape n > 1 évav eAedBepo TETPAYOVOV OKEPALO KOL TNV OKEPOALOL

neproxf Z[v/—n| := {a + by/—n | a,b € Z}. Aeitre 6T Z[/—n|* = {£1}.

Aocxknon 4. IIape n 6nwg otnv Acknon 3. ErutAéov, vobétovpe dtL o n dev eivon
TPOTOG KoL OTL 0 P elval TP®OTOG SLapéTng Tov N.

1. Acei€te 611 0 p Sev eivou TpdTo oTOLXElO TOL Z[\/—1N).
2. Agi€te 611 0 p elvon avéywyo otouyeio tov Z[/—n).

Aocxknon 5. [Iape n 6mwg otnv Acknon 3. EmurAéov, vtoBétouvpe 6t o n + 1 dev
elvo TpdTOG Kot OTL 0 P elvon TpdTog Sropétng tov n + 1.

1. Aei€te 611 0 p Sev eivou TpwTo oToLyeio Tov Z[\/—n).
2. Aeikte 611 0 p elvan avéywyo otowyeio tov Z[\/—n).

Aoknon 6. Eotw n > 2 axéporog ehevbepog tetpaydvev. Acitte Ot o Z[y/—n]
dev elvou epLoyn Kupiwv L8ewdHV.

Aocxknon 7. Eotw R avtipetabetikog SaktOA0G pe povada. Agi&te 6TL 0
RIX]/(X*+ X3+ X +1)

dev elvou copa.



