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3rd set

Exercise 1. Set I,(n) := {f € F,[X] | f monic and irreducible of degree n} and
mq(n) := [Iy(n)]-

1. Compute the numbers 73(1) and 73(2).
2. Find the sets [3(1) and I3(2).
3. Factor X — X over Fs.

Exercise 2. 1. Findtheset D :={d € N : d|30and (d,3) = 1}.
2. Forevery d € D, write ¥, over [F3 and describe its factorization, where U,,
stands for the n-th cyclotomic polynomial.
3. Factor X3° — 1 over Fs.

Exercise 3. 1. Find the least prime p, such that X 2L X4 4 X +1is
irreducible over IF),.
2. Find the least prime p > 7 such that f(X) = X®+ X5 + X4+ X3 4+ X2 +
X + 1 € F,[X] factors into linear factors. How does it factor over [F7?

Exercise 4. Let NV be the norm function from F, to IF,,, where ¢ = p". Prove the
following:

N is well-defined.

N(apf) = N(a)N(B) for all o, § € .
N(a) =a" forall a € F,,.

N(o?) = N(«) forall o € T,

oW

Hint: Look at the corresponding proof of the trace function.
Exercise 5. Let N be as in Exercise 4.

1. Show that N(«) = 0 if and only if o« = 0.
2. Show that N |y defines a group homomorphism Fy — F.
3. Show that NV |y : Fy — F is onto and deduce that IV is onto.

Hint: Look at the corresponding proof of the trace function.
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Aoxnon 1. ©étovpe I(n) := {f € Fy[X] | f povikd kau avéywyo Pabpos n}
ko g (n) = [Iy(n)].

1. Yroloyiote tovg apiBpoig m3(1) ko m3(2).
2. Bpeite ta ovvolo I3(1) ko I3(2).
3. AvalboTte ot aviywyoug mapayovteg to X — X vmép tov Fs.

Aoknon 2. 1. Bpeite toovvoro D :={d € N : d |30 and (d,3) = 1}.
2. I kabe d € D, ypayte to ¥, vrép tov F3 ko eprypayte Tnv moaporyo-
vtomoinot tov, 6tov ¥, T0 N-6TO0 KUKAOTOULKO TTOAVMVLHO.
3. Tlapayovromoteiote To X3 — 1 vrép Tov Fs.

Aoxnon 3. 1. Bpeite Tov eAdyioTo TPOTO P, TéTOWO GoTe To X 22 + X2 4
<+ X 4 1 va eivon avéywyo vrtép tov [y,
2. Bpeite tov eAdyioto TpdhTo p > 7 TéTolov Hote o f(X) = X6 4+ X +
X4+ X34+ X2+ X +1 € Fp[X] avahdeton oe ypoyupikotg (rpwtofddpiong)
opovg. Ilog mapayovtomoteiton oo Fy?

Acknon 4. Eocto N n voppa and to Fy oto ), omov ¢ = p". Anodei€re ta
ak6AovBou:

. H N eivar xol& opriopévr).

N(aB) = N(a)N(B) yia k&be a, 8 € F,.
N(a) = a™ yia ke a € ),

N(a?) = N(«a) yw kébe a € F.

W N

YnoderEn: Acite tnv avtiotowyn amddelEn yia to ixvog.
Aocxknon 5. Eotw N 6nwg otnv Acknon 4.

1. Aei€te 6L N(«) = 0 av ko pdvo av o = 0.
2. Aefgrs omn N |F; opilel évav (’)popop’(ptopo opddwv Fy — F). ’ ’
3. Aei€te 6 N |Fq* : FZ — IE‘; elva emi kou kotodni€re 6t N eiva emi.

YnoderEn: Acite Tnv avtiotoyn amddeEn yia to ixvog.



