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1. i Let /=5 be aroot of X2 + 5 € Z[X]. Show that 3 is irreducible, but not prime in
Z[\/-5].
ii. Compute ¢(31) and find (or describe) all the primitive elements of Fys.

2. Find the minimum 7 such that Fon contains all the roots of X8 — 1 € Fy[X]. List all the
intermediate extensions of Fon /TFy.

3. i Prove the generalized Mébius inversion formula: if f : Z — G and F' : Z — G, where
(G, -) an abelian group, then

) = [[ F@ = F(n) = T sty /.

dn din

1,
0, n>1.

n=1,

Hint: Use the identity }_,,, u(d) = {

ii. Show that

U, (z) = [J(2* = 1)/,

din

4. Let a be a root of the irreducible polynomial X2 + X + 1 € Fo[X]. We define the linear
code C over Fy = Fy(«) as follows:

C = {(x1, 2, 3,14, 75) € F45 1 x4 = axy + xo + w3 and x5 = x1 + axs + (a + 1)z3}

i. Find a generator and a parity-check matrix of C.

ii. Show that the parameters of the code are [5, 3, 2].
5. Show that the Reed-Muller code R (1, 3) is self-dual.

6. Let C' be a linear [n, k, d]-code over [, with d > 2. Choose some 1 < i < n and delete the
i-th coordinate of every codeword. So, we define the code

Ci ={(c1y-..,Ci—1,Cit1y.--yCn) i (C1y...,cn) € C}.

i Show that C; has parameters [n — 1, k,d;] withd — 1 < d; < d.
ii If C is MDS, show that C} is also MDS.

1. Each question is worth 2 points and the maximum score is 10 points. You may answer as many and any questions
you prefer.

2. The duration of the exam is 2.5 hours and you are allowed to leave the classroom the earliest 30 minutes after
the beginning of the exam.

3. During the exam you are not allowed to have any bags, notes, books or electronics (calculators, mobiles, tablets,
laptops etc.) on or next to you.



ITANEIIIXTHMIO KPHTHX

TMHMA MAGHMATIKQN KAI EPAPMOXMENQN MA®HMATIKQN
E®APMOZMENH AATEBPA - MEM244 (XEIMEPINO EEAMHNO 2019-20)
AIAAYKQON: T. KATIETANAKH>

TEAIKH EZETAXH - IANOYAPIOX 2020

1. i Eote v/—5 pila tov X2 + 5 € Z[X]. Aei€te 611 T0 3 eivon aviywyo, cAhé oYL TPpGOTO
otov Z[v/—5].
ii. Yrnoloyiote to ¢(31) xou Ppeite (1) meprypdfte) tar mpwrtapy k& otoryeio Tov Fos.

2. Ynoloyiote tov eAdyloto guotkd aplbpd n tétolo dote o Fon vo mepiéxel 6Aeg Tig pileg
tov X — 1 € Fy[X]. AnapilBpriote dheg Tig eviibpeceg emektéoelg g Fon /Fa.

3. 1 Amodeite tov yevikeupévo timo avriotpoptic Tov Mobius: ov f : Z — Gk F : Z — G,
omov (G, -) afelov opcdat, toTE

fn) = [[F(d) = F(n) = [T £(ay/?.
dn dln
. , , 1, n=1,
Yrddetn: Xpnowomowjote tv tawtotnra y ., p(d) =
0, n>1.
ii. Aeite 6T
U, (z) = [[(@ — 1)/,

dn

4. 'Eoto 10 aviyoyo moAvovopo X2 + X + 1 € Fo[X] kou o piar pide Tov. Opilovpe To
ypopptkd kadka C' v amd 1o Fy = Fo(a) wg

C = {(x1, 0, 23, T4, 75) € F} : x4 = axy + To + 23 ko 5 = o1 + axy + (a + 1)z3}
i. Bpeite évav yevviitopa ko éva mivaka eAéyyov tov C.
ii. Aeifte 6TL 0L TApdyeTpOL TOL KOSIK elva [5, 3, 2].
5. Agi€te 6tL 0 kKOOKag Reed-Muller R (1, 3) eivon awtoduikog.

6. Eotw C évag ypappikog [n, k, d]-koddwkag méve amd to Fy pe d > 2. Emléyovpe koo
1 <@ < nxou Swxypbgovpe Ty i-otn cvvtetaypévn k&Be dioavdopatog. Etot opilovpe tov
KoK

C; = {(Cl, ey Cim1,Cig 1y e e ,Cn) : (Cl, e ,Cn) S C}

i Anodei€te 6t 0 C; éxer mapapétpouvg [n — 1, k,d;lped — 1 < d; < d.
ii E&v o C eivar MDS 3ei€te 611 vou 0 C; eivan MDS.

1. K&be Oépa Babporoyeiton pe 2 Pabpovg kan péyiotn Pabporoyia eivar to 10. Mropeite v aavtrioete ot
Ko 0oa OépaTo TPOTHATE.

2. H dibpxera tng e€étaong eivon 2,5 dpeg kou propeite va amoywpicete amd v aibovoa to vwpitepo 30 Aemtd
HeTd TV apxn TG e€étaong.

3. Kata v Sidpreia g e€étaong dev emtpémetaol va €xete mavw oag 1 SimAa 6og ToAVTES, onpelOoELS, PtPAia
) NAEKTPOVLKEG GLOKEVES (UPLOPOpPNXAVES, KLVITE, TAPTAETES, POPTITOVG LITOAOYLOTEG KTA.).



