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1st exercise set

Exercise 1. Let a be an element of finite order k in the multiplicative group G.
Show that for m € Z we have ™ = e if and only if k | m, where e stands for the
identity element of G.

Exercise 2. For a commutative ring of prime characteristic p, show that

'3

(a1+...+as)pn:a€n+...a€
forall ay,...,as € Randn € N.

Exercise 3. Let R be a commutative ring with a unit that does not have any zero-
divisors. Show that charR = 0 or p, where p is a prime number. Deduce that a
finite field has prime characteristic.

Exercise 4. Take n > 1 a square-free integer and the integral domain Z[/—n] :=

{a +by/—n| a,b € Z}. Show that Z[\/—n]|* = {£1}.

Exercise 5. Take n as in Exercise 4. In addition, assume that n is not a prime and
take p a prime divisor of n.

1. Show that p is not a prime in Z[/—n].
2. Show that p is irreducible in Z[y/—n].

Exercise 6. Take n as in Exercise 4. In addition, assume that n + 1 is not a prime
and take p a prime divisor of n + 1.

1. Show that p is not a prime in Z[v/—n].
2. Show that p is irreducible in Z[y/—n].

Exercise 7. Take n > 2 a square-free integer. Show that Z[\/—n] is not a principal
ideal domain.

Exercise 8. Let R be a commutative ring with a unit. Show that
RIX]/(X5 - X%+ X —1)
is not a field.

Exercise 9. 1. Find all the genuine ideals I < Z, such that (24) C I. Which
of those are maximal?

2. Find all the genuine ideals I <! Q[z], such that (x® — 422 + 52 — 2) C I.
Which of those are maximal?
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1o cet aoKnoEWV

Aocxnon 1. Eotw a otouyeio memepaocpévng téd€ng k tng moAATAdCIOOTIKYG
opddag G. Agi€te 611 yio to m € Z éxovpe 6TL @™ = e o kou poévo av k | m,
6mov e to povadiaio otoryeio g G.

Aoxnon 2. Twx évav petafetikd SakTOALO TPOTNG XAPAKTNPLOTIKHG P, deibte OTL

n

(a1+...+as)pn:a11) +a€
yla ke aq, . ..,as € Rxoun € N.

Aoknon 3. 'Eoto R avtipetafetikdg daxtOAog pe povadiaio, tétolog kote dev
vrtapyovv pundevodiapéteg. Aciéte 6tL charR = 0 1} p, 670V P TPHOTOG. ZLpTEPQ-
VETE OTL £VOL TIETEPACHEVO GOHA EXEL TTPAOTI XAPAKTIPLOTLKT.

Aocxknon 4. Hape n > 1 évav eledBepo TETPAYOVOV aKEPALO KoL TNV OKEPALOL
nepoyn Z[/—n] = {a + b/—n | a,b € Z}. Aei€re 6t Z[\/—n|* = {£1}.

Aocxnon 5. [Iape n 6nwg otnv Acknon 4. ErutAéov, vobétovpe dtL o n dev eivon
TPOTOG KoL OTL 0 P elvarl TPMOTOS SLaLpéTnG TOL N.

1. Acei€te 611 0 p Sev eivou TpdTo oTOLXElO TOL Z[\/—1).
2. Aeikte 6TL 0 p givan aviywyo otouyeio Tov Z[\/—n).

Aocxknon 6. [Iape n 6nwg otnv Acknon 4. EmurAéov, vtoBétouvpe 6t o n + 1 dev
elvo TpdTOG Ko OTL 0 P elvon TpdTog Sropétng tov n + 1.

1. Acite 011 0 p Sev eivou Tp&dTO oTOLXELD TOL Z[\/—7).
2. Aeikte 611 0 p elvan avéywyo otowyeio tov Z[\/—n).

Aoknon 7. Eotw n > 2 aképorog ehevbepog tetpaydvav. Aci€te 6t o Z[y/—n]
dev elvou epLoyn Kupiwv 18ewdHV.

Aocxnon 8. Eotw R avtyetabetikdg SakTtOA0g pe povado. Aei€te 6TL 0
RIX]/(X¢ - X°+X —1)
dev elvo copaL.

Aoxnon 9. 1. Bpeite 6o tar yviiowx Wewdn I < Z, tétowa dote (24) C 1.
IMowx ad avtd eivon peyloTiKd,;

2. Bpeite Oha T yviiora 18edn I < Q[a], tétowax dote (z3—4x2+52—2) C I.
IMowx amd avtd eivor peyloTiKd;



