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Exercise 1. Show that a finite integral domain is a field.

Exercise 2. Let F be a field. Show that for every f,g € F[X]|and c € F:

L(f+9)=1+4"

2. (cf) =cf.

3. (f9) = f'g+ [d.
Exercise 3. Let F3 be a finite field of 3 elements and take f(X) = X3 - X —1 €
F3[X].

1. Show that f is irreducible over Fs.

2. If aisaroot of f, find the degree of the extension F3(«)/IF3 and two bases.

3. Show that g(X) = X? — X + 1 € F3[X] is irreducible over F5 and show
that there exists a root of g in Fg(a).

4. Show that F3(«x) does not contain a root of h(X) = X? 4 1 € F3[X].

Exercise 4. Prove that if 0 is algebraic over L and the extension L/ K is algebraic,
then 6 is algebraic over K.

Exercise 5. Show that if [L : K| = p, where p is prime and K C F C L are
fields, then F' = K or F' = L.

Exercise 6. Determine all the primitive elements of F7 and Fy.
Exercise 7. Find all the subfields of Fx2o.

Exercise 8. Let ¢ = p", where p is a prime. Show that the algebraic closure of I,
is an infinite field of characteristic p.

Exercise 9. Let ¢ > 3 be a prime power. Show that

ZaQ:O.

a€lFy

Hint: Prove that

Za:() and Zab:()

ackF, a,belF,
a#b

and combine the above facts.
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20 0£T OKNOEWDY
Aocxknon 1. Aei€te OTL puo memepacpévn aképora mepLoyt elval cOU.

Aoxknon 2. Eoto F ocopa. Asi€te étL yio xéBe f,g € F[X] xaLc € F:

L(f+g9)=f+4"
2. (cf) =cf'.
3. (f9)' = f'g+ fg'.

Aoknon 3. Eotw F3 éva memepacpiévo obpa 3 ototyeiov kot f(X) = X3 — X —
1e Eﬁ[)(k

1. Aei€te 6TL TO f eivou aviywyo viép tov Fs.

2. Eav a eivou pio pica tov f, Ppeite Tov Pabud tng enéxtaong Fs(a)/Fs ko
dvo Paoelg tnge.

3. Aeifre 6110 g(X) = X3 — X +1 € F3]X] efvan avérywyo vrép tov g kou
otL vrapyel pilo Tov g evrdg Tov Fa(a).

4. Aei€te 611 10 F3() Sev mepiéyer pilo tov h(X) = X2 +1 € F3[X].

Aoxnon 4. Acibte 6tL av to 0 eivan alyePpicd mhve amd to L ko ) emékToom
L/K eivan adyePpuxry, tote T0 6 eivon alyePpikod vmép tov K.

Aoknon 5. Aeitte 6tvav [L : K] = p, 6mov p npwtog kow K C F C L coparoa,
tote F=KnF =L

Aocxknon 6. Bpeite 6o tae mpwTopykd otorxeia Twv Fr ko Fo.
Aocxnon 7. Bpeite 6 a tae vrocopata Tov Fioo.

Acknon 8. Eotw g = p", 6mov p mpodrog. Aei&te 6TL 1) adyePpikr} Orjxn tov [y,
elval éval AITELPO COPX XAPAKTNPLOTLKNG P.

Aocxknon 9. Eotw ¢ > 3 dvvapn potov. Agibte otL

ZaQ:O.

acFy

Yrddeién: Aeitte 6TL

Za:O Ko Zab:O

aclk, a,bi]ll;‘q
a

KoL 6UVOLAGTE T TAPATAVE.



