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3rd set

Exercise 1. For a finite field Iy, with ¢ odd, show that an element a € IE“(’; has a
square root in [F if and only if ale-1/2 = 1.

Exercise 2. Set I,(n) := {f € F,[X] | f monic and irreducible of degree n} and
mq(n) = [Iy(n)]-

1. Compute the numbers 73(1) and m3(2).
2. Find the sets [3(1) and I3(2).
3. Factor X — X over Fs.

Exercise 3. How many elements does F5s have, that do not belong in any of its
proper subfields? How many of them are non-primitive?

Exercise 4. 1. Findtheset D :={d € N : d |30 and (d,3) = 1}.
2. Forevery d € D, write U4 over F3 and describe its factorization, where ¥,
stands for the n-th cyclotomic polynomial.
3. Factor X3° — 1 over Fs.

Exercise 5. 1. Find the least prime p, such that X2 + X2! ... + X + 1 s
irreducible over [F),.
2. Find the least prime p > 7 such that f(X) = X®+ X% + X4+ X3+ X2 +
X + 1 € Fp[X] factors into linear factors. How does it factor over F7?

Exercise 6. Show that for a € F, and n € N the polynomial 29" — z + na is
divisible by 29 — x + a over F,,.

Exercise 7. Let ¢ = p*, for some k. Prove that Tr(a”") = (Tr(a))?" foralla € F,
andn € N.

Exercise 8. Let ¢ = p"™. Prove that if {ay,...,apn} is an Fp-basis of F,, then
Tr(a;) # 0 for at least one 1 < i < m.
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30 0£T oK OEWDY

Acknon 1. T éva menepacpévo copa Fy, pe g epirto, deitre 6tito a € Fy éxer

TeTpaywviky pila oto Fy av ko povo av ale=1/2 =1,

Aoxnon 2. ©¢étovpe I(n) := {f € Fy[X] | f povikd kar avéywyo Pabpod n}
ko g (n) = [Iy(n)].

1. Yroloyiote tovg apiBpoig m3(1) ko m3(2).
2. Bpeite Ta ovvolo I3(1) ko I3(2).
3. Avalvote ot aviywyoug mapayovteg to X — X vmép tov Fs.

Aocxknon 3. Iloca crowyeia éxel to Fze mov dev avijkovv o kavéva yviioLo vio-
owpd tov; ITooa amd avtd dev elvor TpwTopyLkd;

Aocknon4. 1. Bpeite toovvoro D :={d € N : d |30 and (d,3) = 1}.
2. Tw xaBe d € D, ypayte to U4 vnép tov Fa xan meprypdyte tnv mapoyo-
vtomoinot tov, 6tov ¥, T0 N-6TO0 KUKAOTOULKO TTOAVMVLHO.
3. Mapayovronoteicte o X3 — 1 vmép Tov Fs.

Aoxnon 5. 1. Bpeite tov ehéiyioto mpdTo P, TéTOwo Hote To X 22 + X2 4
<+ X + 1 va elvon avéywyo vép tov [,
2. Bpeite Tov eAéyloTo TpDTO P > T TéTOOV Mote To f(X) = X6 4+ XP +
XA+ X34+ X2+ X +1 € Fp[X] avohbeton oe ypoyupikotg (rpwtofddpiong)
opovg. Ilog mapayovromoteiton oto Fy?
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Aoxnon 6. Asigte oTiyica € Fyxonn € N 1o molvwovopo 29 —x+na Sioupeiton
and o x? — x + a oto .

Aoxnon 7. Eotw q = pF, yia xéumoto k. Aeiéte 61 Tr(a?") = (Tr(a))P" yio k&Oe
a € Fgxoun €N

Aocxnon 8. Eotw g = p™. Aeitre 6tLav {aq, . .., an} eivar pua Fp-Paon tov Fy,
tote Tr(a;) # 0 yw kéoowo 1 < 4 < m.



