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3rd set - Answers

Exercise 1. For a finite field Iy, with ¢ odd, show that an element a € F("I‘ has a
square root in [F if and only if ala=1/2 =1,

Answer. Take some a € Fy and let ¢ be a primitive element of F,,. It follows that
there exists some 1 < k < g —1,suchthata = ( k_We have that

-1 —1
a2 =1 — ord(a) | qT — ord(¢) | qT
ord(¢) qg—1 qg—1 qg—1
gedlbord(@) | 2 T wedlhg-1) | 2
<— 2| gedk,g—1) <= 2| k.
The result follows. O

Exercise 2. SetI,(n) := {f € F,[X] | f monic and irreducible of degree n} and
mq(n) := [Iy(n)]-

1. Compute the numbers 73(1) and 73(2).
2. Find the sets [3(1) and I3(2).
3. Factor X — X over Fs.

Answer. Recall the formula g (n) = 1 > dn p(d)g™?.
1. Using the above, we compute 73(1) = 3 and 73(2) = 3.
2. All polynomials of degree one are irreducible, hence
I3(1) = {z,x + 1,z + 2}.
Using the root criterion (as for polynomials of degree 2 or 3), we get that

I3(2) = {2? + 1,2° + 2 + 2,2% + 22 + 2}.

3. Recall that, over F, 20— = Hdm erﬂq(d) f. Here, we have that

2 —x= H f

felz(1)Ul(2)
—z(z+ )z +2)@+ D@2+ +2)@?+20+2). O

Exercise 3. How many elements does Fx6 have, that do not belong in any of its
proper subfields? How many of them are non-primitive?



Answer. An element of F,, where ¢ = p" does not belong to any of IF,’s proper
subfields iff its minimum polynomial over [, is of degree n. Also, since such
polynomials have exactly n roots in IF, it follows that the number of such elements
is exactly n times the number of monic irreducible polynomials of degree n over
).

In particular, the number of elements of Fxs, that do not belong in any of its
proper subfields is

6-m5(6) = Y p(d)5%/% =56 — 5% — 52 + 5 = 15480.
dl6

Moreover, a primitive element of I, cannot belong to any proper subfield of I,
so all the primitive elements of Fxe are found among the aforementioned 15480
elements. So,

15480 — (5% — 1) = 15480 — ¢(15624) = 15480 — 4320 = 11160

of them are non-primitive. O

Exercise 4. 1. Findtheset D :={d € N : d| 30 and (d,3) = 1}.
2. Forevery d € D, write ¥, over [F3 and describe its factorization, where U,
stands for the n-th cyclotomic polynomial.
3. Factor X30 — 1 over Fs.

Answer. 1. D ={1,2,5,10}.

2. W1 = X — 1, which is irreducible.
Uy = (X2 —1)/¥; = X + 1, which is irreducible.
Uy = (X5 —1)/¥; = X*+ X3+ X%+ X + 1. Since ords(3) = 4 = ¢(5),
we get that WUy is irreducible.
Vo= (X0 —1)/1005 = X? — X3 + X2 — X + 1. Since ord;((3) =
4 = ¢(10), we get that ¥y is irreducible.

3. Recall that if (¢,n) = 1, then X" — 1 =[], V4. Here, we have that
X3O _1= (XIO o 1)3 — (\P1\P2‘I’5\1110)3. ]

Exercise 5. 1. Find the least prime p, such that X 2L X2 4+ X +1is
irreducible over IF),.
2. Find the least prime p > 7 such that f(X) = X®+ X5+ X4+ X3+ X2 +
X + 1 € F,[X] factors into linear factors. How does it factor over [F7?

Answer. 1. Notice that the polynomial in questionis Wa3(X) = (X*—1) /(X —
1). We are looking for the smallest prime p # 23, such that ordas(p) =
#(23) = 22. After a quick computation, we get that ords3(2) = orda3(3) =
11, but ord23(5) = 22.



2. Notice that f(X) = U7(X), which factors into linear factors over F, with
p # 7,iff p = 1 mod 7. The least prime satisfying the latter is p = 29. Over
IF-, we have that

X"—-1 (X-17 6
= = (X -1)5 O
X -1 X -1 ( )

V7(X) =
Exercise 6. Show that for a € F, and n € N the polynomial 27" — x + na is
divisible by 29 — x + a over F,,.

Answer. Let Bbearootof f(z) = z9—z+a,ie, B! = B—a.lfg(x) = 29" —z+na,
then
9(8) = BT = B+na
=(B-a)? " —B+na
=89 —a" — B+na
=" B+ (- Do

=B-5=0.

In other words, all the roots of f are also roots of g. Also, since ged(f, f/) = 1, all
the roots of f are simple. It follows that f | g. O

Exercise 7. Let ¢ = p*, for some k. Prove that Tr(a?" ) = (Tr(a))?" foralla € F,
andn € N.

Answer. We have that

Tr(a?") = Tr(apnil)p == (Tr(a))? . O

Exercise 8. Let ¢ = p". Prove that if {ay,...,apn} is an Fp-basis of F,, then
Tr(a;) # 0 for at least one 1 <7 < m.

Answer. Suppose that Tr(a;) = 0, for all 1 < ¢ < m. Then, for every x € I,
there exist some x1, ..., %, € [, such that

m
T = E TiGy,
i=1

which implies

Tr(xz) = Tr (Z xiai> = ZwiTr(ai) = 0.
i=1 i=1

The latter contradicts to the fact that Tr : F, — I}, is onto. O



