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Abstract

We consider the problem of enumerating polynomials over I, that have certain
coefficients prescribed to given values and permute certain substructures of [F,.
In particular, we are interested in the group of N-th roots of unity and in
the submodules of F,. We employ the techniques of Konyagin and Pappalardi
to obtain results that are similar to their results in [Finite Fields and their
Applications, 12(1):26-37, 2006]. As a consequence, we prove conditions that
ensure the existence of low-degree permutation polynomials of the mentioned
substructures of IF,.
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1. Introduction

Let ¢ = pt, where p is a prime and ¢ is a positive integer. A polynomial over
the finite field I, is called a permutation polynomial if it induces a permutation
on F;. The study of permutation polynomials goes back to the work of Hermite
[6], Dickson [5], and subsequently Carlitz [3] and others. Recently, interest in
permutation polynomials has been renewed due to applications they have found
in coding theory, cryptography and combinatorics. We refer to Chapter 7 of [10]
for background on permutation polynomials, as well as an extensive discussion
on the history of the subject.

In a recent work, Coulter, Henderson and Matthews [4] present a new con-
struction of permutation polynomials. Their method requires a polynomial that
permutes the group of N-th roots of unity, py, where N | ¢—1, and an auxiliary
function T which contracts F, to px U {0} and has some additional linearity
property. This idea was generalized by Akbary, Ghioca and Wang [2].
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In different line of work, Konyagin and Pappalardi [7, 8] count the permuta-
tion polynomials that have given coefficients equal to zero. Given a permutation
o € S(F,), there exists a unique polynomial in f, € F,[X] of degree at most
g — 2 such that f,(c) =o(c) for all c € F;. For any 0 < k1 < --- < kg < ¢ —1,
they define Ny(k1,...,kq) to be the number of permutations ¢ such that the
corresponding polynomial f, has the coefficients of X*:, 1 < i < d, equal to
zero and prove the following main result.

Theorem 1.1 ([8], Theorem 1).

q!
Nq(kl,...,kd)—q—d

< (1 + k)q (g — k1 — 1)g) 2.

In particular, this implies that there exist such permutations, given that
q!/q" > (1 + e 2)%((q — ki — 1)q)*/>.

Akbary, Ghioca and Wang [1] sharpened this result by enumerating permu-
tation polynomials of prescribed shape, that is, with a given set of non-zero
monomials.

In the present work, we consider the problem of enumerating polynomials
over F,, that have certain coefficients fixed to given values, and permute certain
substructures of I, namely the group of N-th roots of unity and submodules
of I, and prove the following theorems.

Theorem 1.2. If N!/q% > [(q — 1)(N — k)]V2(1 + e~ /2)N | then there erists
a polynomial of F,[X] of degree at most N — 1, that permutes pin, the N-th
roots of unity, with the coefficients of X*i equal to a; € F,, fori=1,...,d and
0<ky<---<kyg<N, where N |q—1 and q is the minimum divisor of q with
Nlg-1.

Theorem 1.3. Let F,. be a proper subfield of F,. Suppose t!/q? > q*/2(v —
ki — 1)¥2(1 + eY/2)%, then there ewists a polynomial of F,[X] that permutes
F, an F.[X]-submodule of F,, with its coefficients of X*i equal to a; € F,, for
i=1,...,d and 0 < k1 < --- < kg < N, where v =1" = |F|, q =P and p is
the order and n is the degree of the Order of F.

We employ the techniques of Konyagin and Pappalardi to obtain results that
are similar to those in [8]. In particular, Theorems 1.2 and 1.3 can be viewed
as the analoges of Theorem 1.1 for roots of unity and submodules respectively,
while they also imply the existence of low-degree polynomials that permute
these substructures of I, see Corollaries 2.1 and 3.1.

2. Enumeration of polynomials that permute roots of unity

Let N | ¢ —1 and o € S(un) be a permutation of puy. We define the

polynomial )
fU(X> = N Z U(C)gc<X)’ (1)

CEUN



where g.(X) = Z;y;ol cIXJ, for ¢ € py. Tt is clear that g.(c) = N and
ge(xz) =0 for all x € un \ {c}, hence f,(w) = o(w), for every w € pp.
Given d integers 0 < k1 < --- < kg < N, we denote

Ny(k,a) = |[{o € S(un) | the coefficient of X* of f,is a;, V1 <i<d}

)

where k = (ki,...,kq) and a = (ay,...,aq) € FS. From (1), we see that the
Jj-th coefficient of f, is equal to some a € F, if and only if

Z ¢ o(c) = Na,
cEUN
so we have
Ny(k,a) = |{0’ € S(pn) | Z c¥o(c)=Na;,V1<i< d}‘
ceEpN

For any S C up, define the sets

AS:{fZMN—MSYI Zc‘kf‘f(c):Nai,Vlgigd},

CEUN
Bg = {f:uN — S| f is surjective, Z cFif(c) = Na;,V1 Sigd}.
ceEunN

Also, define A(S) = |Ag| and B(S) = |Bg|. It is not hard to see that since
A(M) =3 ey B(T), for every M C iy, we have that

B(M)= Y (~1)M=TlA(T). (2)

For M = pup, the above implies

Ny(k,a)= Y (~1)N151A(S). (3)

SCun

Recall that ¢ = pt. Set e,(u) := e2™"/P and Tr(z) the absolute trace of x € F,,

ie. Tr(z):=ax+aP+---+a?  forze F,. Further, let g be the smallest power
of p such that N | g — 1, i.e. Fy is the smallest subfield of [, containing py. If



S C uy, then

d
A(S) = id Z Z ep (Tr (Z i (—Nai n Z c—kif(c)>>>

9 (ar,...,aq)€RY fiun—5 i=1 cepw

_ 1 Z €p (ZCEM Tr (f(c) S aic—ki))
14 (@1yeenr0ra) EFE frpn—S ep (Tr (N ijl am-))

_ 1 Z [leeun 2tes ep (Tr (f Zle aic_ki))
" (a1, a) €FF €p (Tr (N Z?:1 aiai))
q S

where
PR i SN L7 Seser (7 (1S, 00 )|
q (Otl,m,ad)E]Féi\{O} ep (TI‘ (N ijl aiai)) ‘
_9f-1 .

Moreover, the AM-GM inequality implies

N
d 2\ 2
v 1 —k
H Zep <Tr (tZal )) < N Z Zep (Tr (tZaic >>
ceEun [teS ceEun [tes i=1
2\ N/2
< Z Zep (Tr (tZozz ))
ce]F* tes
o\ N/2
1
< 3 2o OV = k) | D ep(Ti(tu)
uEF; tes
With the help of the well-known identity, see [9, Chapter 3],
2
DD ep(Tr(tu)| = alS), (5)
u€l, |teS

we eventually get that

I35 (%)

< ((q — 1)(]]\;_ k1)|5|)N/2

cEpUN




which implies

d_1q <(q1)(N/’c1)|S|>N/2 _ <(q1)(Nk1)|S|>N/2, (6)

q
Rs| <
IRs| < q¢ N N

By working similarly as in Eq. (2), but by considering the mappings uyx — un,
we conclude that
S ()Nl = A,
SCun

that combined with Equations (3), (4) and (6) and the fact that j < Ned/N—1,
since 1 + z < e* for all x, we get

< <(q_1)§\]fv_k1)>N/2§:(N>jN/2
(

Summing up, we have proved that
N! -
No(k,a) > ~g = [(a -1V - k)2 (14 e V2N,

which implies the Theorem 1.2.
If we apply this result in the case ky = N—1,ky_y = N—-1—-1,... ,ky = N—-b
and a; = 0 for all ¢, then we end up with the following interesting consequence.

Corollary 2.1. With the same assumptions as in Theorem 1.2, if

YNYab = Vb(g = 1)(1+e '),

then there exists a polynomial of F, of degree less than N —b that permutes [y .

3. Enumeration of polynomials that permute additive submodules

Throughout this section, we see F, as a F.[X]-module, where F, is a proper
subfield of F,, under the action fox = Zf:o fixd" for f = Zf:o fi Xt e F.[X]
and z € If,. Furthermore, it follows directly from the Normal Basis Theorem,
see [10, Theorem 2.35], that F, is a cyclic F,.[X]-module.

Let F be an F.[X]-submodule of F,, where v := |F| = r" < ¢. Since F,[X]
is a principal ideal domain and F is a F.[X]-submodule of I, which is cyclic, it



follows that F will be cyclic as well, see [11, Theorem 6.3]. As a consequence,
there exists some monic f € F.[X], of degree n, with f | X™ — 1, such that

F={zeF, | fox=0}

which is known as the Order of F. Also, for every x € F we have that
Z f , lf X # 0,
i fo, ifx=0,

while fy # 0, since f | X™ — 1. Now, for o € S(F) a permutation of F, we
define

n

1 i
fo(X) = 7 Y o)) filX -0 (7)
O cer i=0
and it is clear that f,(w) = o(w) for every w € F.
Given d integers 0 < k1 < -+ < kg <t and (a1,...,aq) € qu, we denote

Ny(k,a) = |{o € S(F) | the coefficient of X* of f,is a;, V1 <i<d}|.

From (7), we deduce that the j-th coefficient of f, is a if and only if

>y ( N 1)12 &' 1 a(e) = foa,

ceF i=0
hence
Ny(k,a) =
|{ F) | ZZ( )fz kg )foaj,ws;‘SdH.
ceF 1=0

For any S C F, define the sets

AS = {gf—) Sl ZZFijCTi_l_kjg(C) :anj7V1 S] Sd}7

ceF 1=0
Bgs ={g € As | g is surjective},

where Fj; stands for (rkjl)fz Define A(S) = |As| and B(S) = |Bg|. As with
Eq. (2), we can show that A(M) = ;) B(T), for every M C F, hence

Ny(k,a) =Y (~1)7151A(S). (8)

SCF

Furthermore, let p be the order of f, i.e. p is minimal such that f | X — 1 and
let q := r?. It follows that F; is the smallest subfield of F, containing F. For



S C F, as in the case of Equation (4), we have

1 p (Soer Tr (9(0) Sy 0y S Fiyer' =174))
A(S) = (ahé:d)ewg:;s ep (Ty (2?21 foajaj))
1 Hce}‘ Ztes €p (Tr (t Z?zl Z?:O Oszichiflfkj)>
- >

d
(01, 00) EFE €p (Tr (Zj:l fo%‘%’))
_ISF

e

P + Rg, (9)
where
d n 7,7‘,7 L.
g1 [ler ‘Ztes ep (Tr (t S g Fye kJ)> ’
|Rs| <— max :
q (a1,...,aq)€FI\{0} ‘ep (Tr (Zj,:1 foOéjCl]))‘
T[S (e 10 S
T gd max ep | Tr | ¢ o Fyje —1k
q (al,..i,ad)emg\{o}cef = gl

Also, the AM-GM inequality yields

d n
H Zep Tr tzzajFijCTLl*kj

cEF |teS j=11i=0
. o\ t/2
1 ;
Sle |2 [T (1 2 asFye 0
cEF |teS j=11i=0
2\ t/2
d n
1 3
S E DI R I D DL
ceFy [teS j=11=0
2\ t/2
1
<[l - t—1—k e, (Tr(tu
<[> D[ ep(Tr(tw)

u€ly tes

With the help of (5), we show that

d n ; B+ 1 t/2
IS (o (135 ts )] < (o (1= 220 )™

cEF |teS j=1i=0

that, in turn, yields

d_1 kp+1 o/ k41 o/
1 (44 < (-2 ) o




Now, as in the case of the roots of unity, it is clear that

> (<Dl =,

SCF

which combined with Equations (8), (9) and (10) and the fact that j < ved/*~1,

gives
k‘1+1 /2 v o\
<qt/2 (1_ - > Z j ]r/2
j=0
B+ 1\ 72 <N [t N2
< (1B Ty (0] (rer)

§=0
_ qt/2(,c — Ky — 1)t/2(1 + 671/2)1:.

t!
q¢

Ny(k,a) —

To sum up, in this section we proved that
|
No(k,a) > :7 — g (= k= )21+ e V)

which implies Theorem 1.3.
By applying this for ky =v—1,kp—1 =v—1—-1,...,ky =v—band a; =0
for all 4, we end up with the following.

Corollary 3.1. With the same assumptions as in Theorem 1.3, if

! _
P > Valb—1)(1+e '),
then there exists a polynomial of F, of degree less than v — b that permutes F.
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