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MOTIVATION



Let F; be the finite field of g elements, where g is a power
of the prime p and letn > 1.

Fgn is cyclic and any generator of this group is called
primitive.

Fqn is an Fg-vector space of dimension nand a € Fgn is
normal over Fy if B = {a,...,a9" '} is an Fq-basis of Fgn
and B is a normal basis

The Primitive Normal Basis Theorem states that there
exists a normal basis composed by primitive elements in
any finite field extension.

Lenstra and Schoof (1987) proved this, while Cohen and
Huczynska (2003) gave a computer-free proof.
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Introducing k-normal elements

A variation of normal elements was recently introduced by
Huczynska et al. ( ).

Definition
For a € Fgn, consider the set Sy = {a, a9,. a?"'}. Then a
is if the Fy-vector space Va = (S4) has

co-dimension R.

- Following this definition, 0-normal elements are the
usual normal elements and 0 € Fgn is the only n-normal
element.
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Additive order of elements

- Forfe Fglx], f= Y7o aix' and a € Fgn, define
foa=Y1,q00.

* Fora € Fgn, setZy := {g € Fg[X] |g o a = 0}, a non-zero
ideal of F4[x]. Denote by mq its unique monic generator
and call it Fg-order of a.

« Fora € Fgn, mg(x) | x" — 1.
There is a connection between k-normal elements and their
Fq-order.

Proposition (Huczynska-Mullen-Panario-Thomson)

Let a € Fgn. Then a is k-normal if and only if mq(x) has
degree n — R.
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Previous work on k-normal elements

+ Reis has several results about k-normal elements.

« Alizadeh (2017) characterized k-normal elements and
gave a recursive construction of 1-normal polynomials.

- Tilenbaev, Saygi and Urtis (2017) gave a formula for the
number of R-normal elements.

+ Reis and Thomson (2018) proved the existence of
primitive 1-normal elements of F4» over Fg, for odd g and
n > 3.
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Introducing r-primitive elements

Definition

Letr|q" —1. Some a € F;, is if ord(a) = £,
where ord(a) stands for the multiplicative order of a.

« The 1-primitive elements correspond to the primitive
elements in the usual sense.

« For every r | " — 1, there exist exactly ¢(r) r-primitive
elements.
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The Anderson-Mullen conjecture

Motivated by the Primitive Normal Basis Theorem, Anderson
and Mullen ( ) propose the following.
Conjecture (Anderson-Mullen)

Suppose p > 5is a prime and n > 3. Then for a = 1,2 and
R = 0,1 there exists some k-normal element a € Fpn with
multiplicative order (p" — 1)/a.

« The case (a,R) = (1,0) is the Primitive Normal Basis
Theorem and the case (a,R) = (1,1) was recently proved
by Reis and Thomson ( ).

« In this work, we complete the proof and also consider the
missing cases p =3 and n = 2.
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PRELIMINARIES




Definition

1. If m divides g" — 1, an element a € F%, is if a = B¢
for any divisor d of m implies d = 1.

2. If m € Fg[x] divides x" — 1, an element a € Fgn is if
a = ho B for any divisor h of m implies h = 1.

+ Primitive elements correspond to the (g" — 1)-free
elements.

« Normal elements correspond to the (x" — 1)-free
elements.

8/23



Characterizing 1-normal elements

Proposition

Let g be a power of a prime p and n = p*u, where k > 0 and
ged(u, p) = ‘I Write T(x ) = X=1. Then a € Fqn is such that
Mg(X) = (x)-free and Trq,,/qpk(a) =[5,

3
xP —1
x—1 -

where B is such that mg(x) =

In the case when p? | n, we have an alternative
characterization for such 1-normal elements.

Proposition

Suppose that n = p?s and let a € Fgn such that
Trgn/qes(a) = B. Then mg = X=1 if and only if mg = =1
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Characteristic functions

We are interested in the characteristic functions of the
properties. Vinogradov's formula is an expression of the
above that involves characters.

1. For w € Fj, and t be a positive divisor of g" —1,

o0 L X x

d|t ord x=t

(W) = 1, ifwis t-free,
0, otherwise.

2. Forw € Fgn and D be a monic divisor of x" — 1,

[)

1, if wis D-free,
E|D ord y=D

0, otherwise.
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Characteristic function for traces

For any divisor m of n, Fgn is a subfield of Fgn. Let
1, ifTrn m(W):B,
Tm,B(W) = I /q.
0, otherwise.

We need a character sum formula for Ty, g. The orthogonality
relations yield:

TngW) = 2z 3 D)D)

LVEqu

where g(w) = @(Trgn gm(w)) is the lift of w and P is the
inverse of y.
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SUFFICIENT CONDITIONS



The quantities we are interested in

1. Let N(r,f,m, B) be the number of primitive elements
w € Fgn such that w' is f-free and Trgn jqm(w") = B. Then

N(rfmB)= > Ofw W) wgn_1(w).

WeFgn

2. Let N/(r) be the number of primitive elements w € Fgn
such that w" is normal. Then

Z an 1 U.)qn 1(W)

weF
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Inequality conditions

Let W(t) be the number of square-free factors of t. By using
exponential sums, we prove the following:

Proposition

Write n = ptu, where gcd(u,p) = 1and t > 0.

(@) If gP"u/2=1) > w(g" — )W (x! — 1) there exist 2-primitive,
1-normal elements in Fgn.

(b) If g"/% > 2W(q" — 1)W (x“ — 1) there exist 2-primitive,
normal elements in Fgn.

(c) Ift>1,¢"2"/P > 2W(q" — 1) and B € Fu5, there exists a
2-primitive element a € Fqn, with Trgnjqnie () = B.
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Remark

The first inequality of the last proposition is always false for
n = p,2p. For these cases, we employ a refinement of our
main result, using simple combinatorial arguments.
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INEQUALITY CHECKING METHODS




Estimates for W(t), t integer

Lemma

Let t, a be positive integers and let ps, ..., p; be the distinct
prime divisors of t such that p; < 29. Then W(t) < c¢qt"/¢,
where

2
Ctg= ——7—.
t,a (p1 . 'Pj)1/a

In particular, for ¢; == ¢t4 and d; := ¢t g we have the bounds
¢t < 4.9 and d; < 4514.7 for every positive integer t.
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Estimates for W(t), t polynomial

Lemma (Lenstra-Schoof)
For every positive integer n, W(x" — 1) < 2(8cd(n.g=1)+n)/2,
Additionally, the bound W(x" — 1) < 25(") holds in the
following cases:

1.s(n)::Eﬂﬁﬂ%iiitﬂfbrevenyq,

2. s(n) = ™* forq =3 and u # 4,8,16,

3. s(n) =5 +6forqg=>5.
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Outline of our method

Next, we explore the pairs (g, n) satisfying the above
inequalities. Our method is based on two main steps.

Step 1. Use the bounds for W(g" — 1) and W(x" — 1). After
this point, only a finite number of pairs (g, n)
does not satisfy the inequalities.

Step 2. Check the inequalities by direct computations.
After this step, the remaining pairs that do not
satisfy the inequalities have small g and n.

For all our computations, the SAGEMATH software was used.
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2-primitive, normal elements

For this case, the condition is
q"/? > 2W(g" — NHW(X" —1).

We prove it to hold for all but 68 pairs (g, n), where g is any
odd prime power and n > 3.
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2-primitive elements with prescribed trace

This case is useful for the 2-primitive, 1-normal case, when
p? | n. The resulting inequality to check is

qno(pZ/Z,p) > ZW(quno _ 1)7

where n = p?ng. This is true for all but 6 pairs (g, n), where g
is any power of some odd prime p and p? | n.
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2-primitive, 1-normal elements

Write n = pt - u with gcd(p, u) = 1. We are interested in the
cases t < 2. The resulting inequality is

gP' /2N S w(g" — YWY — 1).
We consider the cases:

1. t — 0: We prove the above inequality for all but 483 pairs
(g,n), where g may be any odd prime power and n > 4.

2. t=1,u > 3: We prove the validity of the inequality for all
but 7 pairs (g, n).

3. n = p,2p: We prove the existence of 2-primitive, 1-normal
elements, with the exception of 3 pairs (g, n), where p #5
if n=p.
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COMPLETION OF THE PROOFS



The casesn =23

The proof of the following is elementary.

Lemma

If g > 3 is an odd prime power, then all 2-primitive c € F,. are
normal over Fq. In contrast, all 2-primitive elements of Fs.
are 1-normal over Fs.

Based on Cohen'’s ( ) results about primitive elements
with prescribed trace, we prove the following.

Proposition
Let g be a power of an odd prime. Then there exists a
2-primitive, 1-normal element in F over Fq.
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The main result

Next, we write a script that verifies the pairs (g, n) that were
not dealt with theoretically. This completes our proof.

Theorem
Let g be a power of an odd prime p and n > 2.

1. There exists some a € Fgn that is simultaneously
2-primitive and normal over Fq, unless
(q,n) = (3,2),(3,4).

2. If n > 3, there exists some a € Fqn that is simultaneously
2-primitive and 1-normal over Fq. Such an element exists
also in the case (g, n) = (3,2) and it does not exist when
n=2andq > 3.
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A by-product

« Following our proof, all 2-primitive, 1-normal elements
that we theoretically proved to exist when n > 3, are
zero-traced over Fy.

« For the remaining pairs (g, n), we verify by computer the
existence of zero-traced 2-primitive, 1-normal of Fg» over
Fq. So we have proved the following.

Theorem

Let g be a power of an odd prime and let n > 3 be a positive
integer. Then there exists a 2-primitive, 1-normal element
o € Fgn such that Trgn jq(a) = 0.
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This work is available at:
arXiv:1712.09861 [math.NT]
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