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Primitivity and normality

• Throughout this talk, q is a prime power. We denote byFq, the finite
field of order q and characteristic p and byFqm , the extension field of
Fq of degreem.

• Some θ ∈ Fqm is called a generator ofFqm/Fq, ifFqm = Fq(θ).

• Themultiplicative groupF∗qm is cyclic and a generator of this group
is called primitive.

• Some θ ∈ Fqm is normal overFq if the set of its conjugates with
respect toFq, that is, {θ, θq, . . . , θqm−1} forms anFq-basis ofFqm.

• Some θ ∈ Fqm is primitive normal if it is both primitive and normal
overFq.
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Translates and lines

• For any generator θ ofFqm/Fq, the set {θ+ x : x ∈ Fq} is the set of
translates of θ overFq. We refer to the question of the existence of
elements ofFqm of a certain type in every translate as the translate
problem. If the answer is positive, the extensionFqm/Fq possesses
the translate property (TP) for this type of elements.

• Likewise, for a generator θ ofFqm/Fq and some α ∈ F∗qm , the set
{α(θ+ x) : x ∈ Fq} is the line of θ andα overFq. In accordance with
the previous definitions, we have the line problem and the line
property (LP), respectively.

• If we only consider the caseα ∈ F∗q , we refer to the weak line problem
and the weak line property (WLP), respectively.

• Clearly, LP⇒ WLP⇒ TP.
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TheCarlitz-Davenport theorem

Theorem (Davenport-Carlitz)
Let m > 1 be an integer. There exists some TP(m) such that, if q > TP(m),
Fqm/Fq possesses the translate property for primitive elements.

• Initially established by Davenport (1937) for q prime and extended by
Carlitz (1953) to all prime powers q.

• Both results were obtained using the following.

Lemma (Davenport, 1937)
Let p be a prime, n a positive integer, θ a generator ofFpn/Fp andχ a
nontrivial multiplicative character ofFpn . Then∣∣∣∣∣∣

∑
x∈Fp

χ(θ+ x)

∣∣∣∣∣∣ ≪ p
(
1− 1

2(n+1)

)
.
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Katz’s estimate and Cohen’s generalization

Theorem (Katz, 1989)
Letχ be any nontrivial multiplicative character ofF∗qm and θ inFqm , a
generatorFqm/Fq. Then∣∣∣∣∣∣

∑
x∈Fq

χ(θ+ x)

∣∣∣∣∣∣ ⩽ (m− 1)
√
q.

• The above does not rely on the Hasse-Weil bound.

• Using this result, Cohen proved the following.

Theorem (Cohen, 2010)
Let m > 1 be an integer. There exists some LP(m) such that, if q > LP(m),
Fqm/Fq possesses the line property for primitive elements.
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Yet, another generalization

• Some b ∈ Fqm is r-primitive if its multiplicative order is (qm − 1)/r,
where necessarily r | qm − 1.

• Using Katz’s estimate and a novel effective characterization of
r-primitive elements, the following was obtained.

Theorem (Cohen-K., 2021)
Let m > 1 and r be integers. There exists some LPr(m) such that, if
q > LPr(m)with the property r | qm − 1,Fqm/Fq possesses the line property
for r-primitive elements. As for the translate property for r-primitive elements,
the same is true for some TPr(m) ⩽ LPr(m).
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What about similar mixed character sums?

For the TP and LP for primitive normal elements, we need an estimate
for a similar mixed character sum.

Theorem (Perel’muter-Shparlinski, 1990)
Take some prime p, a positive integer n, θ is a generator of the extension
Fpn/Fp, a ∈ Fp andχ is a nontrivial multiplicative character ofFpn . Then∣∣∣∣∣∣

∑
t∈Fp

χ(θ+ t) exp(2πiat/p)

∣∣∣∣∣∣ ⩽ np1/2.

• Can the above be generalized to arbitrary finite fields and arbitrary
additive characters?

• Can it (after these generalizations) be used to attack the translate,
weak line and line problems for primitive normal elements?
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Function fields, discrete valuation rings and places

• A field extension F/K is a function field of one variable over K, if, for
some x transcendental over K, F/K(x) is finite.

• K(x)/K is called rational and F/Fq is called global.

• A discrete valuation ring of F/K is a ring K ⫋ O ⫋ F, such that a ∈ O

or a−1 ∈ O for all a ∈ F and it is a local ring with its (unique)
maximal ideal p being principal called a place of F/K.

• If p = tO is a place of F/K, each z ∈ F∗ has a unique representation
of the form z = tνp(z)u, where νp(z) ∈ Z and u ∈ O∗, and whilst t
above is not unique, the number νp(z) is.

• In particular,O = {z ∈ F : νp(z) ⩾ 0} ∪ {0},
O∗ = {z ∈ F : νp(z) = 0} and p = {z ∈ F : νp(z) > 0}, thus p ↔ O.

• The degree of p is deg(p) := [O/p : K]. For all places p, deg(p) <∞.
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Discrete valuations and the divisor group

• A discrete valuation of F is a function ν : F → Z ∪ {∞}, such that
(i) ν(a) = ∞ ⇐⇒ a = 0, (ii) ν(ab) = ν(a) + ν(b),
(iii) ν(a+ b) ⩾ min{ν(a),ν(b)}, (iv) there exists some c ∈ F, such
that ν(c) = 1 and (v) ν(d) = 0 for all d ∈ K∗.

• Clearly, νp extended to zero by νp(0) = ∞, is a discrete valuation
called the p-order.

• The free Abelian group generated by the places of F/K is called the
divisor group and denoted by Div(F); its elements are called divisors.

• The degree ofD =
∏

p p
dp is deg(D) :=

∑
p dp deg(p) and its support

is the set supp(D) := {p : dp ̸= 0}.



Motivation Character Sum The WLP for PN Elements Future Work

Integral and principal divisors; the divisor class group

• A natural partial ordering is defined in Div(F) and a divisor
D ⩾ 1Div F is integral. Their semigroup is denoted by Int(F).

• The group of principal divisors (denoted by Prin(F)), is the subgroup of
Div(F) comprised by the principal divisors, i.e., divisors of the form

Prin(F) =

{
[a] =

∏
p

pνp(a) : a ∈ F∗
}

.

• The divisor class group of F is the quotient group

Cl(F) := Div(F)/ Prin(F).

Two divisors that are in the same class are linearly equivalent.
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The rational function field

• In K(x)/K there are only two types of discrete valuations:
1. For π ∈ K[x] irreducible, define νπ(0) = ∞ and, for f ̸= 0, νπ(f ) = n,
where n is such that f = πng/h.

2. Also, define ν∞(0) = ∞ and, for f ̸= 0, ν∞(f ) = − deg(f ).

• The places of K(x) are exactly the places pπ := ⟨π⟩, where π ∈ K[x]
is monic irreducible (finite places) and p∞ (infinite place).

• deg(pπ) = deg(π) and deg(p∞) = 1.

• For every f ∈ K[x], if f =
∏

π π
fπ is its decomposition, define (in

addition to its principal divisor)

(f ) :=
∏
π

p
fπ
π ∈ Int(K(x)).
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Characters modulo a divisor

• For I ∈ Int(F),DI := {D ∈ Div(F) : supp(D) ∩ supp(I) = ∅} and
EI := {[a] : a ∈ F∗, [a] lineraly equivalent to 1Div(F), and [a− 1]/I ∈
Int(F)}.

• EI is the ray of I and EI ⩽ DI ⩽ Div(F).
• A homomorphic map X : Int(F) → C, extended to Div(F), is a
character modulo I if
1. GX := {D ∈ Div(F) : X(D) ̸= 0} = DI and
2. EI ⊆ G1X := {D ∈ Div(F) : X(D) = 1}.

• X is nonsingular, if it is nontrivial on divisors of degree 0.
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Perel’muter’s theorem
Theorem (Perel’muter, 1969)
Let F/K be a global function field of genus g and, ifK is its field of constants, set
m = [K : K]. Next take some I ∈ Int(F) and X a nonsingular character
modulo I. Then∣∣∣∣∣∣

∑
deg(p)|m

(deg(p))X(p)m/ deg(p)

∣∣∣∣∣∣ ⩽ (2g− 2+ deg(I))qm/2.

Corollary
Take the function fieldFq(x)/Fq, some I ∈ Int(Fq(x)) and X a nonsingular
character modulo I. Then∣∣∣∣∣∣

∑
deg(p)=1

X(p)

∣∣∣∣∣∣ ⩽ (deg(I) − 2)q1/2.
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Finite field characters
Definition
LetG be a finite Abelian group. A character ofG is a homomorphism
χ : G→ C∗. The trivial character is χ0(a) = 1, for all a ∈ G.

• InFqm there are twomain group structures, the additive and the
multiplicative. Therefore we have two types of characters, the
additive characters and themultiplicative characters.

• The canonical character ofFqm is defined byψ1(a) = e2πi Trqm/p(a)/p,
for a ∈ Fqm . It is known that all additive characters ofFqm are of the
formψc(a) = ψ1(ca), for some c ∈ Fqm.

• Themultiplicative characters are extended toFqm by the rule

χ(0) :=

{
0, if χ ̸= χ0,
1, if χ = χ0.
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The character sum estimate

We have all we need to prove the following:

Theorem
Letχ be amultiplicative character ofFqm andψ an additive character ofFq,
respectively, such that not both of them are trivial. Further, let θ be a generator
of the extensionFqm/Fq. Then∣∣∣∣∣∣

∑
t∈Fq

χ(θ+ t)ψ(t)

∣∣∣∣∣∣ ⩽ mq1/2.
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Sketch of the proof

Wework on the global rational function fieldFq(x)/Fq.

• Let g(x) be the minimum polynomial of θ overFq.

• We define a character Xmodulo I = pg p
2∞ as follows.

• Take some integral a ∈ DI and amonic fa ∈ Fq[x], s.t. (fa) = a.

• g ∤ fa ⇒ χ(fa(θ)) ̸= 0.

• Set Sa ∈ Fq the sum of all the roots of fa with multiplicities.

• Set X(a) := χ(fa(θ))ψ(−Sa).

• For a, b ∈ DI integral divisors, we have that X(ab) = X(a)X(b), so
X can be extended toDI. Set X(a) = 0 for all other a ∈ Div(Fq(x)).

• We have obtained that X is homomorphic and GX = DI.
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Sketch of the proof (cont.)

• We show that EI ⊆ G1X, hence X is a character modulo I.

• In order to clarify that X is a nonsingular character, observe that at
least one of χ,ψ is nontrivial and they cannot cancel each other.

• The places of degree 1 are p∞ and pπt , where πt(x) = x + t. Given
that X (p∞) = 0 and deg(I) = m+ 2,∣∣∣∣∣∣

∑
deg p=1

X(p)

∣∣∣∣∣∣ ⩽ (deg(I) − 2)q1/2 ⇒

∣∣∣∣∣∣
∑
t∈Fq

X(pπt)

∣∣∣∣∣∣ ⩽ mq1/2

⇒

∣∣∣∣∣∣
∑
t∈Fq

χ(θ+ t)ψ(t)

∣∣∣∣∣∣ ⩽ mq1/2.
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TheFq-order of additive characters

Definition

TheFq-order of an additive characterψ ∈ F̂qm is the monicFq-divisor g
of xm − 1 of minimal degree such thatψ ◦ g is the trivial character of
F̂qm , where (ψ ◦ g)(α) := ψ(g ◦ α), and g ◦ α =

∑n
i=0 aiαq

i
if

g(x) =
∑n

i=0 aixq
i
for any α ∈ Fqm and is denoted by Ordq(ψ).

Lemma
Letψ be an additive character ofFqm . The restriction ofψ inFq,ψ|Fq , is an
additive character ofFq. Also, the following are equivalent:
1. ψ|Fq is the trivial additive character ofFq.

2. ψ = ψc for some c ∈ Fqm such that Trqm/q(c) = 0.

3. Ordq(ψ) | x
m−1
x−1 .
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Freeness
• Take e | qm − 1. Some α ∈ F∗qm is e-free, if d | e and α = yd, for some
y ∈ F∗qm imply d = 1. Someα ∈ F∗qm is primitive iff it is (qm − 1)-free.

• Their characteristic function of e-free elements is

ρe : F
∗
qm → {0, 1};α 7→ λ(e)

∑
d|e

µ(d)
ϕ(d)

∑
(d)

χd(α)

 .

• For g | xm − 1, some α ∈ Fqm is g-free if α = h ◦ β for someβ ∈ Fqm
and h | g imply h = 1. Some α ∈ Fqm is normal iff it is (xm − 1)-free.

• Their characteristic function of g-free elements is

κg : Fqm → {0, 1};α 7→ Λ(g)
∑
f |g

µ′(f )
Φ(f )

∑
(f )

ψf (α)

 .
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When is the additive character trivial?

• A set of elements ofFqm that will be of interest for us is
(xm − 1)/(x − 1)-free elements.

• These elements do not belong to any intermediate extension of
Fqm/Fq and if p | m they are exactly those that are normal overFq.

• Ifm is a prime such that q is primitive modulom they are easily
characterized.

Lemma
Suppose m is a prime and q is primitive modulo m.Then the
(xm − 1)/(x − 1)-free elements ofFqm are exactly those that do not belong to
any intermediate extension ofFqm/Fq.
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Clean and dirty lines

• Take generator θ of the extensionFqm/Fq and some α ∈ Fq, such
that αθ is g-free, where g(x) = (xm − 1)/(x − 1).

• We call the line {α(θ+ x) : x ∈ Fq} clean.

• We refer to a line that is not clean as dirty.

• We first focus on clean lines and prove that, for q large enough,
every such line contains a primitive normal element.

• As a consequence, we obtain the weak line property for primitive
normal elements for a specific types of extensions.
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An existence condition

• Take θ a generator ofFqm/Fq andα ∈ Fq, such that the line of θ and
α is clean.

• SetNα,θ the number of elements within the line that are primitive
and normal.

• It suffices to show thatNα,θ ̸= 0.

Lemma
Nα,θ ⩾ λ(qm−1)Λ(xm−1)

[
q

Λ
( xm−1
x−1

) −W(qm − 1)W(xm − 1)q1/2
]

,

whereW(y), if g ∈ Fq[x], is the number of squarefree monic divisors of g in
Fq[x] and, for y ∈ Z, is the number of positive squarefree divisors of a.
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Sketch of the lemma’s proof

We have that

Nα,θ =
∑
x∈Fq

ρqm−1(α(θ+ x))κxm−1(α(θ+ x))

= λ(qm − 1)Λ(xm − 1)
∑
d|qm−1
f |xm−1

µ(d)µ ′(f )
ϕ(d)Φ(f )

∑
(d),(f )

χd(α)ψf (αθ)

∑
x∈Fq

χd(θ+ x)ψf (αx)

= λ(qm − 1)Λ(xm − 1)[S1 + S2 + S3],

where, S1 stands for the part of the sum that corresponds to d = 1 and
f | (xm − 1)/(x − 1), S2 for the part that corresponds to d = 1 and
f ∤ (xm − 1)/(x − 1) and S3 to the part that corresponds to d ̸= 1.



Motivation Character Sum The WLP for PN Elements Future Work

Sketch of the lemma’s proof (cont.)

We prove that
S1 =

q
Λ
( xm−1
x−1

) ,

|S2| ⩽
(
W(xm − 1) −W

(
xm − 1
x − 1

))
mq1/2,

|S3| ⩽ (W(qm − 1) − 1)W(xm − 1)mq1/2.

The result follows.
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The (clean) line property for primitive normal elements

The above lemma combined with known bounds for the quantities
W(qm − 1) andW(xm − 1) yield the following.

Theorem
Fix an integer m.There exists some numberLm, such that for every prime
power q ⩾ Lm, every clean line of the extensionFqm/Fq contains a primitive
normal element.
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Theweak line property for primitive normal elements

Then we show that if q is primitive modulom (m prime), q ⩾ Lm, θ is a
generator ofFqm/Fq and a ∈ F∗q , then the line {a(θ+ x) : x ∈ Fq} is
clean. So, we get the following:

Theorem
Fix a primem.There exists an integerWLPN(m) = Lm, such that for every
prime power q ⩾ WLPN(m) that is primitive modulo m, the extension
Fqm/Fq possesses the weak line property for primitive normal elements. The
same is true for some TPN(m) ⩽ WLPN(m) regarding the translate property
for primitive normal elements.
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Additional research on existence results

• What is going on with the dirty lines?

• Can we extend to the (nonweak) line property?

• Can we generalize to r-primitive and/or k-normal elements? Some
Fqm is called k-normal overFq if itsFq-conjugates produce an
Fq-vector space of dimensionm− k.

• Recent effective characterizations for r-primitive and k-normal
elements, were recently established by the speaker with Cohen and
Reis (2022) and with Reis (2025), respectively.
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Additional research from a geometric point of view

• In this work we studied the existence of primitive normal elements
ofFqm/Fq within the setAf := {f (x) : x ∈ Fq}, where f ∈ Fq[x] is
linear.

• Perel’muter and Shparlinski (1990) work with the prime extension
Fpm/Fp and study the existence of primitive elements withinAf
where f ∈ Fp[x] is required to be irreducible.

• In that spirit, we believe that establishing the existence of primitive
normal elements of the extensionFqm/Fq withinAf , for irreducible
f ∈ Fq[x], would be feasible but nontrivial.
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Additional research from a computational point of view

Finally, an intriguing question on this line of research is computing
the exact value of the numbers that are proven asymptotically to exist.
For example, we have the following:

• (Cohen, 1983): TP(2) = LP(2) = 1.

• (Cohen, 2009): TP(3) = 37.

• (Bailey-Cohen-Sutherland-Trudgian, 2019): LP(3) = 37 and
73 ⩽ TP(4) ⩽ LP(4) ⩽ 10282.

• (Cohen-K., 2020): TP2(2) = LP2(2) = 41.

• It follows from this work that TPN(2) = LPN(2) = 1.

• What about the numbers TPN(m) and LPN(m), form ⩾ 3?
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Shameless Advertismenet:

Thank you for your attention!
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