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Primitivity and normality

e Let qbeaprime power and m € Z-,. IF; is the finite field of order
q and [Fyn its extension of degree m.

e The group Iy, is cyclic and its generators are called primitive.
e Some « € [Fyn is normal if {o, &7, . ., ochl} is an IF;-basis of IFpn.
e Some o € [Fyn is primitive normal if it is both primitive and normal.

e The above families play critical roles in theoretical and practical
applications.

e Itis known that over any finite field extension, the above families
are nonempty.
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The trace of primitive (normal) elements

Take some d | m. The trace of o« € IFym over Euis

m/d—1

Trm/d Z O(qld.

Regarding the trace of primitive (normal) elements, we have:

Theorem (Cohen, 1990)

Take some a € I;. There exists a primitive element oc € Fyn such that
Trm/l(cx) =aunlessa =oandm = 20ra =0,m = 3and q = 4.

Theorem (Cohen-Hachenberger, 1999)

Take some a € IF; \ {0}. There exists a primitive normal element & € Fyn
such thatTr,, (o) = a.




The goal of this work

e We explore the existence of normal and primitive normal elements
in IF;» with prescribed traces in several intermediate extensions.

e We obtain concrete results for the case of normal elements.

e We obtain asymptotic and concrete results (under restrictions) for
primitive normal elements.
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Linearized polynomials and IF;-order

e Apolynomial Ls € IF;[x] of the form

k

=3 fal

i=0

is a linearized polynomial and is the g-associate of f = Zf,o fix'.
e Linearized polynomials satisfy L(ax + by) = aLd(x) + bL¢(y) and
LA Ly(x)) = Lg(x) (fora, b € Ty).

e The IF;-order (or additive order) of 3 € IFy», denoted by Ord, () is
the minimum degree monic polynomial over IF, such that

Lo, (p)(B) =o.
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More on the [F;-order

Proposition
Let B € IEyn. Thefollowing are true:
1. Ordg(B) [ x™ —1.

2. Pisnormal over Fy ifand only if Ord,y () = x™ — 1.
3. Ifd [ m, then 3 € Fqifand onlyifOrdy(B) | =1,
4. Iff € Fylx], then Ordy (Ld(B)) = Ordy(B)/ ged(f, Ordy(B)).

The IF;-order of an additive character 1 of IF;» is denoted by Ord, (1)
and is defined as the minimum degree monic polynomial over [F,,

such that (LOrdq(w)(B)> =1, forall € Fyn.




PRELIMINARIES
00@000

Characteristic functions

e Itis well-known (Vinogradov’s formula) that for any 3 € Fyn,

on(B) =0) 3 (£ > n(p)

tlgm—1 ner(t)

is the characteristic function for primitive elements.

e Likewise, for any 3 € IFy» and d | m,

() =0 -1 Y (58 > we)
flm—1 ver(f

is the characteristic function for elements that are normal over Iqu.
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The prescribed trace characteristic function

Letn | m,y € Fyn such that Tr, /,(v) = a € Fp. Then, the
characteristic function for elements in IF;» with trace a over [F» is

Twz,na Z Xc(B =) Z Xc(B 1,

CE]Fn CE]Fn

where  is the canonical character and (for ¢ € Fjm), Xc(«) = x(cx).
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An existence and enumeration result

Theorem (Reis, 2020)

Letd, < ... < dj bedivisors of m and choose a; € qudi, 1 < 1 < k, then there
exists some element o« € Fgm with Try, /g () = a; forall1 < i < kiff

T4,/ ged(dd) () = Tt/ ged(dydy) (%) = T/ ged (a0 (3). 1 < 1,j < k.

In this case there are exactly

k
:d1+...+dk+Z(—1)i+l Z ng(dll:---:dli)
i=2

1<h<..<Li<k

choices for «.
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Some consequences

e The latter implies thatif d; | d;, then Tr,, /5 (x) = a; is implied by
Trm/di(oc) = a;, thus we assume d; { d; forany1 <i <j < k.
e Setas Ap(m) the set of k-tuplesd = (d,, ..., dy,), where

d; < ... < dy < maredivisors of m such that d; { d; for every
1<i<j<k

e Ford=(d,,..., d,) € A\(m), setFg = H, , F; and some
a=(a,..., ay) € Fy, is d-admissible if, forany1 < i < j < k,
T4,/ ged(didy) (@) = Tra./ ged(da) ().
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Normal d-admissible k-tuples

From now on, m is relatively prime toq,d = (d,, ..., d,) € Ap(m) and
a=(ay...,a) € Fyisad-admissible k-tuple.
Lemma

Suppose 3 € [Fyn is normal over By and d | m. Then Tr,, /4(B) is normal over
IE; (as an element of]qu).

The above implies that we cannot arbitrarily prescribe the trace of a
normal element over intermediate extensions, but instead we have to
confine ourselves to the family below.

Definition
Some d-admissiblea = (ay, ..., ay,) € [y is normalifa; € Iqu,. is
normal over IF; foreveryi =1,..., k.
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Normality’s behavior in intermediate extensions

Theorem

Let m and d be such that d | m. The mapping
v :{y € Fgn : ynormal} — {c € Fp: cnormall}, y = Try, /4(v)
is an k-to-one correspondence, where k = @ (x™ — 1)/ (x% — 1).

Corollary

Let Fgn /IF; be a finite field extension. Forevery b € I, there exist exactly
O (x™ —1)/(q — 1) normal elements 3 € Fyn, such that Tr() = b.
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Intermediate traces of normal elements

Using the above, and inspired by the work of Reis (2020), we prove

Theorem

Let m be an integer that is not a prime power and 1 < k < 0,(m), where
0o (m) denotes the number of positive divisors of m. Let

d=(d,..., dy) € Ap(m)anda = (ay, ..., ay,) € IFq be anormal
d-admissible k-tuple. Set g := Icm(x"l1 — 1., 1% — 1). Then there exist
exactly © (x™ — 1)/ ®(g) normal elements o € Fym with prescribed traces
Tty /a.(0t) = a; forevery1 < i < k.
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Counting primitive normal elements

e Take a € [Fy a normal d-admissible k-tuple. Let 0,, 4, be the
number of primitive normal elements o« € IFpm with Tr,, /4. () = a;
fori=1,..., k.

k
e We have thatM,, 4, = Zw@qu Pm(W) - K (W) TTi; Ty g, (W).
e SetD =d; + - -+ dj,. We compute

P Nyda n(tu'(f) >y
—'; = T A Xs(c)(_B)Gm(n’Xu+S(C))’
@8k —1) o, 00 )
fla—1 ber(f)

where Gm (T]’Xqus(c)) - Zwequm T](W) * Xu+s(c) (W)
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Divide and conquer

We separate the last sum in two terms S; and S,.

The term S, is the part of the above sum forn € I'(1).

Then 0(q)O(x™ — 1)S; denotes the number of normal elements
with their traces over ]qui prescribed to g;, that is,

m
Si= 1 S g A

The term S, is the part forn ¢ I'(1).

Using known bounds, we obtain

1Sl < @2 W(g™ —1) - W™ —1).
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The main result

Theorem

Let m be anintegerand 1 < k < oo (m), where 0, (m) denotes the number of
positive divisors of m. Letd = (dy, ..., dy) € Ap(m) and

a=(ay,...,a,) € Fq be normal d-admissible. Then there exists a primitive
normal lement o € IFgm with prescribed traces Tr,, 4. (o) = a; for every

1 < i < k, provided that

qm/z—?\(d)—D > W(qm . 1) . W(.’Xfm - 1).
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Explicit results

Along with known bounds, the above theorems imply:
Theorem

Let m be an integerand1 < k < 0o(m). Letd = (dy, ..., dy) € Ap(m) and
a=(a,...,a) € Fqbenormal d-admissible. Suppose gcd(d;, d;) = 1for
1 < i <j < k. Then there exists a primitive normal element oc € Fyn with
prescribed traces Tr,, /4. (o) = a; forevery1 < i < k provided that:

1. k > 4andq > 18015.

2. k=3,m> 60andq > 2.2660 - 102497285,

3. k=2and
3.1. d, > 8andqlarge enough,
3.2. d; = 7and qlarge enough with (d,, d,) # (7, 8),
3.3. d; = 6,d, > 13 and qlarge enough.
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Complete normality

e Recall that normal elements always exist (Normal Basis Theorem).

e Recall that primitive normal elements always exist (Primitive
Normal Basis Theorem).

e From now on, we will call an element of IF;» that is normal over qud
(where d | m) qm/qd—normal.

o Somea € Fyn is completely normal if it is ¢ /¢"-normal ¥ d | m.

Theorem (Completely Normal Basis Theorem)

There exists some a € g thatis " /q-completely normal.

e Initially established in 1986 by Blessenohl and Johnsen.
e In 1994, Hachenberger gave a simplified proof.
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The Morgan-Mullen conjecture

A simple glimpse to the aforementioned results leads to the following
conjecture.

Conjecture (Morgan-Mullen, 1996)

There exists some a € Fyn that is primitive and q™ / q-completely normal.

e We will call the pair (q, m) MM pair if the finite field extension
IE;» /I, is known or proven to contain a primitive and
q"/q-completely normal element.

e We know that (g, m) is an MM pair for some families of extensions
and directly verified for “small” finite field extensions, while no
counterexample are known.

e This evidence suggests the validity of the conjecture, which
remains unresolved.
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Towards the PCNBT Direct verification

Theorem (Morgan-Mullen, 1996)
Suppose that ¢ < 97 and q" < 10°°. Then (q, n) is an MM pair.

Theorem (Hachenberger-Hackenberg, 2019)
Suppose that

1. n < 20207

2. q < 10*and q" < 10%°.

Then, (q, n) is an MM pair.
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Towards the PCNBT Completely basic extensions

Definition

Let IF;» /TF; be such that every ¢” /q-normal element is ¢" /q-completely
normal. Then the extension IF;: /IF; is called completely basic.

For the case of completely basic extensions, the Morgan-Mullen
conjecture follows directly from the Primitive Normal Basis Theorem.

Theorem (Blessenohl-Johnsen, 1991)

The finite field extension IFyp /I, is completely basic if and only for every prime
divisorr of n, v t d, where d stands for the order of g modulo the relatively
primeto q partofn/r.

In particular (Hachenberger, 2013), this family includes the cases
n=r,n="r*(rprime), n | ¢ —1orn = p*, where p = charF,.
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Towards the PCNBT Regular extensions

Definition

If gcd(n, d) = 1, where d is the order of ¢ modulo the product of the
prime divisors of n that do not divide q, then IF;» /IF; is a regular
extension.

Theorem (Hachenberger)
Let I /I, be a vegular extension. Then (q, n) is an MM pair.

e The above was initially partially established by Hachenberger in
2001 and 2010 and fully established by the same author in 2019.

e The proof required deep understanding of the underlying module
structure of finite fields and combines algebraic and character sum
methods.




Towards the PCNBT Examples of regular extensions

Hachenberger (2013) observed that IF;» /I, is regular in the following
cases:

o IF;» /I, is completely basic.
e Theset D = {r| n: rprime} satisfies
1. |D| =1, or,
2. foreveryr € Dwehave thatr|q—10rr|gq,or,

3. D C{7,11,13,17,19, 31, 41, 47, 49, 61, 73, 97, 101, 107, 109, 139, 151, 163, 167,
173,179, 181, 193}.

e nisapower of a Carmichael number.
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Towards the PCNBT Combinatorial results

Simple combinatorial arguments led to the following.
Theorem (Hachenberger, 2016)

Suppose that
1. ¢=>n"*andn > 707

2. ¢ =nandn > 37,
then (q, n) is an MM pair.

A crucial part of the proof of the above is a combinatorics-driven
estimate of the number of ¢ /q-completely normal elements, that
does not depend on the prime decomposition of n.
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Towards the PCNBT Character sum results

Using the character sum method, the following was established:

Theorem (Garefalakis-K., 2019)

Ifthe part of n that is relatively prime to q is smaller than q, then (q, n) is an
MM pair. In particular, (q, n) is an MM pair foralln < q.

With more attention given to technical details, the above was further
improved soon after.

Theorem (Garefalakis-K., 2019)

Ifeither
1. nisoddandn < q4/3, or

2. niseven,q —1{nandn < ¢4,
then (q, n) is an MM pair.
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Towards the PCNBT

Future results?

We aim to make an additional step towards the proof of the

Morgan-Mullen conjecture, with a combination of character sum and
algebraic methods. Our goal is to

e mark some additional pairs (¢, n) as MM pairs and

e add a new recursive weapon to the arsenal found in the literature
for the researcher willing to attack this problem.




This talk was based on joint work with D.K. Basnet and
A.C. Mazumder (submitted for publication) and on ongoing
joint work with Th. Garefalakis.

Thank you for your attention!
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