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Primitivity and normality

• Let q be a prime power andm ∈ Z>0. Fq is the finite field of order
q andFqm its extension of degreem.

• The groupF∗qm is cyclic and its generators are called primitive.

• Some α ∈ Fqm is normal if {α,αq, . . . ,αqm−1} is anFq-basis ofFqm.

• Some α ∈ Fqm is primitive normal if it is both primitive and normal.

• The above families play critical roles in theoretical and practical
applications.

• It is known that over any finite field extension, the above families
are nonempty.
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The trace of primitive (normal) elements

Take some d | m. The trace of α ∈ Fqm overFqd is

Trm/d(α) =
m/d−1∑
i=0

αq
id

.

Regarding the trace of primitive (normal) elements, we have:

Theorem (Cohen, 1990)
Take some a ∈ Fq. There exists a primitive elementα ∈ Fqm such that
Trm/1(α) = a unless a = 0 andm = 2 or a = 0,m = 3 and q = 4.

Theorem (Cohen-Hachenberger, 1999)
Take some a ∈ Fq \ {0}. There exists a primitive normal elementα ∈ Fqm
such that Trm/1(α) = a.
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The goal of this work

• We explore the existence of normal and primitive normal elements
inFqm with prescribed traces in several intermediate extensions.

• We obtain concrete results for the case of normal elements.

• We obtain asymptotic and concrete results (under restrictions) for
primitive normal elements.
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Linearized polynomials andFq-order

• A polynomial Lf ∈ Fq[x] of the form

Lf(x) =
k∑
i=0

fixq
i

is a linearized polynomial and is the q-associate of f =
∑k

i=0 fixi.

• Linearized polynomials satisfy Lf(ax+ by) = aLf(x) + bLf(y) and
Lf(Lg(x)) = Lfg(x) (for a, b ∈ Fq).

• TheFq-order (or additive order) ofβ ∈ Fqm , denoted by Ordq(β) is
the minimum degree monic polynomial overFq, such that
LOrdq(β)(β) = 0.
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More on theFq-order

Proposition
Letβ ∈ Fqm . The following are true:
1. Ordq(β) | xm − 1.

2. β is normal overFq if and only ifOrdq(β) = xm − 1.

3. If d | m, thenβ ∈ Fqd if and only ifOrdq(β) | xd − 1.

4. If f ∈ Fq[x], thenOrdq(Lf(β)) = Ordq(β)/ gcd(f, Ordq(β)).

TheFq-order of an additive characterψ ofFqm is denoted by Ordq(ψ)
and is defined as the minimum degree monic polynomial overFq,

such thatψ
(
LOrdq(ψ)(β)

)
= 1, for all β ∈ Fqm.
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Characteristic functions

• It is well-known (Vinogradov’s formula) that for anyβ ∈ Fqm ,

ρm(β) = θ(q)
∑
t|qm−1

µ(t)
ϕ(t)

∑
η∈Γ(t)

η(β)


is the characteristic function for primitive elements.

• Likewise, for anyβ ∈ Fqm and d | m,

κm(β) = Θ(xm − 1)
∑
f|xm−1

µ′(f)
Φ(f)

∑
ψ∈Γ(f)

ψ(β)


is the characteristic function for elements that are normal overFqd.



MOTIVATION I PRELIMINARIES TRACES OF NORMAL ELEMENTS TRACES OF PRIMITIVE NORMAL ELEMENTS MOTIVATION II

Theprescribed trace characteristic function

Let n | m, γ ∈ Fqm such that Trm/n(γ) = a ∈ Fqn. Then, the
characteristic function for elements inFqm with trace a overFqn is

τm,n,a(β) =
1
qn

∑
c∈Fqn

χc(β− γ) =
1
qn

∑
c∈Fqn

χc(β)χc(γ)
−1,

where χ is the canonical character and (for c ∈ Fqm ), χc(α) = χ(cα).
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An existence and enumeration result

Theorem (Reis, 2020)
Let d1 < . . . < dk be divisors of m and choose ai ∈ Fqdi , 1 ⩽ i ⩽ k, then there
exists some elementα ∈ Fqm with Trm/di(α) = ai for all 1 ⩽ i ⩽ k iff

Trdi/ gcd(di,dj)(ai) = Trm/ gcd(di,dj)(α) = Trdj/ gcd(di,dj)(aj), 1 ⩽ i, j ⩽ k.

In this case there are exactly

λ(d) = deg(lcm(xd1 − 1, . . . , xdk − 1))

= d1 + · · ·+ dk +
k∑
i=2

(−1)i+1
∑

1⩽l1<...<li⩽k
gcd(dl1 , . . . , dli)

choices forα.
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Some consequences

• The latter implies that if di | dj, then Trm/di(α) = ai is implied by
Trm/dj(α) = aj, thus we assume di ∤ dj for any 1 ⩽ i < j ⩽ k.

• Set as λk(m) the set of k-tuples d = (d1, . . . , dk), where
d1 < . . . < dk < m are divisors ofm such that di ∤ dj for every
1 ⩽ i < j ⩽ k.

• For d = (d1, . . . , dk) ∈ λk(m), setFd =
∏k

i=1 Fqdi and some
a = (a1, . . . , ak) ∈ Fd, is d-admissible if, for any 1 ⩽ i < j ⩽ k,
Trdi/ gcd(di,dj)(ai) = Trdj/ gcd(di,dj)(aj).
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Normal d-admissible k-tuples

From now on,m is relatively prime to q, d = (d1, . . . , dk) ∈ λk(m) and
a = (a1, . . . , ak) ∈ Fd is a d-admissible k-tuple.

Lemma
Supposeβ ∈ Fqm is normal overFq and d | m. Then Trm/d(β) is normal over
Fq (as an element ofFqd ).

The above implies that we cannot arbitrarily prescribe the trace of a
normal element over intermediate extensions, but instead we have to
confine ourselves to the family below.

Definition
Some d-admissible a = (a1, . . . , ak) ∈ Fd is normal if ai ∈ Fqdi is
normal overFq for every i = 1, . . . , k.
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Normality’s behavior in intermediate extensions

Theorem

Let m and d be such that d | m. Themapping

ν : {γ ∈ Fqm : γ normal} → {c ∈ Fqd : c normal}, γ 7→ Trm/d(γ)

is an k-to-one correspondence, where k = Φ(xm − 1)/Φ(xd − 1).

Corollary
LetFqm/Fq be a finite field extension. For every b ∈ F∗q , there exist exactly
Φ(xm − 1)/(q− 1) normal elementsβ ∈ Fqm , such that Tr(β) = b.
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Intermediate traces of normal elements

Using the above, and inspired by the work of Reis (2020), we prove

Theorem

Let m be an integer that is not a prime power and 1 < k < σ0(m), where
σ0(m) denotes the number of positive divisors of m. Let
d = (d1, . . . , dk) ∈ λk(m) and a = (a1, . . . , ak) ∈ Fd be a normal
d-admissible k-tuple. Set g := lcm(xd1 − 1, . . . , xdk − 1). Then there exist
exactlyΦ(xm − 1)/Φ(g) normal elementsα ∈ Fqm with prescribed traces
Trm/di(α) = ai for every 1 ⩽ i ⩽ k.



MOTIVATION I PRELIMINARIES TRACES OF NORMAL ELEMENTS TRACES OF PRIMITIVE NORMAL ELEMENTS MOTIVATION II

Counting primitive normal elements

• Take a ∈ Fd a normal d-admissible k-tuple. LetNm,d,a be the
number of primitive normal elements α ∈ Fqm with Trm/di(α) = ai
for i = 1, . . . , k.

• We have thatNm,d,a =
∑

w∈Fqm ρm(w) · κm(w)
∏k

i=1 τm,di,ai(w).

• SetD = d1 + · · ·+ dk. We compute

qD ·Nm,d,a
θ(q)Θ(xm − 1)

=
∑
t|qm−1
f|xm−1

µ(t)µ ′(f)
ϕ(t)Φ(f)

∑
η∈Γ(t)
ψ∈Γ(f)

∑
c∈Fd

χs(c)(−β)Gm(η,χu+s(c)),

where Gm(η,χu+s(c)) =
∑

w∈Fqm η(w) · χu+s(c)(w).
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Divide and conquer

• We separate the last sum in two terms S1 and S2.

• The term S1 is the part of the above sum for η ∈ Γ(1).

• Then θ(q)Θ(xm − 1)S1 denotes the number of normal elements
with their traces overFqdi prescribed to ai, that is,

S1 =
qm

Φ(g)θ(q)
> qm−λ(d).

• The term S2 is the part for η /∈ Γ(1).

• Using known bounds, we obtain

|S2| ⩽ qm/2+D ·W(qm − 1) ·W(xm − 1).
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Themain result

Theorem

Let m be an integer and 1 < k < σ0(m), whereσ0(m) denotes the number of
positive divisors of m. Let d = (d1, . . . , dk) ∈ λk(m) and
a = (a1, . . . , ak) ∈ Fd be normal d-admissible. Then there exists a primitive
normal elementα ∈ Fqm with prescribed traces Trn/di(α) = ai for every
1 ⩽ i ⩽ k, provided that

qm/2−λ(d)−D ⩾ W(qm − 1) ·W(xm − 1).
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Explicit results

Along with known bounds, the above theorems imply:

Theorem

Let m be an integer and 1 < k < σ0(m). Let d = (d1, . . . , dk) ∈ λk(m) and
a = (a1, . . . , ak) ∈ Fd be normal d-admissible. Suppose gcd(di, dj) = 1 for
1 ⩽ i < j ⩽ k. Then there exists a primitive normal elementα ∈ Fqm with
prescribed traces Trn/di(α) = ai for every 1 ⩽ i ⩽ k provided that:
1. k ⩾ 4 and q ⩾ 18015.

2. k = 3, m ⩾ 60 and q ⩾ 2.2660 · 1024072855.
3. k = 2 and

3.1. d1 ⩾ 8 and q large enough,
3.2. d1 = 7 and q large enough with (d1, d2) 6= (7, 8),
3.3. d1 = 6, d2 ⩾ 13 and q large enough.
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Complete normality

• Recall that normal elements always exist (Normal BasisTheorem).

• Recall that primitive normal elements always exist (Primitive
Normal BasisTheorem).

• From now on, we will call an element ofFqm that is normal overFqd
(where d | m) qm/qd-normal.

• Some a ∈ Fqm is completely normal if it is qm/qd-normal ∀ d | m.

Theorem (CompletelyNormal BasisTheorem)
There exists some a ∈ Fqm that is qm/q-completely normal.

• Initially established in 1986 by Blessenohl and Johnsen.

• In 1994, Hachenberger gave a simplified proof.
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TheMorgan-Mullen conjecture

A simple glimpse to the aforementioned results leads to the following
conjecture.

Conjecture (Morgan-Mullen, 1996)
There exists some a ∈ Fqm that is primitive and qm/q-completely normal.

• Wewill call the pair (q,m)MMpair if the finite field extension
Fqm/Fq is known or proven to contain a primitive and
qn/q-completely normal element.

• We know that (q,m) is anMM pair for some families of extensions
and directly verified for “small” finite field extensions, while no
counterexample are known.

• This evidence suggests the validity of the conjecture, which
remains unresolved.
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Towards the PCNBT Direct verification

Theorem (Morgan-Mullen, 1996)
Suppose that q ⩽ 97 and qn < 1050. Then (q, n) is anMMpair.

Theorem (Hachenberger-Hackenberg, 2019)
Suppose that
1. n ⩽ 202 or

2. q < 104 and qn < 1080.
Then, (q, n) is anMMpair.
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Towards the PCNBT Completely basic extensions

Definition
LetFqn/Fq be such that every qn/q-normal element is qn/q-completely
normal. Then the extensionFqn/Fq is called completely basic.

For the case of completely basic extensions, the Morgan-Mullen
conjecture follows directly from the Primitive Normal BasisTheorem.

Theorem (Blessenohl-Johnsen, 1991)
Thefinite field extensionFqn/Fq is completely basic if and only for every prime
divisor r of n, r ∤ d, where d stands for the order of q modulo the relatively
prime to q part of n/r.

In particular (Hachenberger, 2013), this family includes the cases
n = r, n = r2 (r prime), n | q− 1 or n = pk, where p = charFq.
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Towards the PCNBT Regular extensions

Definition
If gcd(n, d) = 1, where d is the order of qmodulo the product of the
prime divisors of n that do not divide q, thenFqn/Fq is a regular
extension.

Theorem (Hachenberger)
LetFqn/Fq be a regular extension. Then (q, n) is anMMpair.

• The above was initially partially established by Hachenberger in
2001 and 2010 and fully established by the same author in 2019.

• The proof required deep understanding of the underlying module
structure of finite fields and combines algebraic and character sum
methods.
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Towards the PCNBT Examples of regular extensions

Hachenberger (2013) observed thatFqn/Fq is regular in the following
cases:

• Fqn/Fq is completely basic.
• The setD = {r | n : r prime} satisfies

1. |D| = 1, or,
2. for every r ∈ Dwe have that r | q− 1 or r | q, or,
3. D ⊆ {7, 11, 13, 17, 19, 31, 41, 47, 49, 61, 73, 97, 101, 107, 109, 139, 151, 163, 167,
173, 179, 181, 193}.

• n is a power of a Carmichael number.
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Towards the PCNBT Combinatorial results

Simple combinatorial arguments led to the following.

Theorem (Hachenberger, 2016)

Suppose that
1. q ⩾ n7/2 and n ⩾ 7 or

2. q ⩾ n3 and n ⩾ 37,
then (q, n) is anMMpair.

A crucial part of the proof of the above is a combinatorics-driven
estimate of the number of qn/q-completely normal elements, that
does not depend on the prime decomposition of n.
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Towards the PCNBT Character sum results

Using the character summethod, the following was established:

Theorem (Garefalakis-K., 2019)
If the part of n that is relatively prime to q is smaller than q, then (q, n) is an
MMpair. In particular, (q, n) is anMMpair for all n ⩽ q.

Withmore attention given to technical details, the above was further
improved soon after.

Theorem (Garefalakis-K., 2019)
If either
1. n is odd and n < q4/3, or

2. n is even, q− 1 ∤ n and n < q5/4,
then (q, n) is anMMpair.
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Towards the PCNBT Future results?

We aim tomake an additional step towards the proof of the
Morgan-Mullen conjecture, with a combination of character sum and
algebraic methods. Our goal is to

• mark some additional pairs (q, n) as MM pairs and

• add a new recursive weapon to the arsenal found in the literature
for the researcher willing to attack this problem.



This talk was based on joint work with D.K. Basnet and
A.C. Mazumder (submitted for publication) and on ongoing
joint work withTh. Garefalakis.

Thank you for your attention!
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