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Introduction

Here, IF, will stand for the finite field of g elements and [Fym for its extension
of degree m. Our purpose is to prove some existence results for irreducible
polynomials over finite fields, with special properties. These properties
include combinations of

« primitiveness,
« freeness (a root of the polynomial forms a normal basis) and

+ having some coefficients prescribed.
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Introduction

The main idea behind our techniques dates back to the 50’s and the work of
Carlitz and remains popular among authors. Roughly, our method is:

@ We express the characteristic or a characteristic-like function for a
polynomial (or its roots) with the desired properties with help of
characters,

@ this leads us to a sufficient condition for the existence of our desired
polynomial.

© Vith the the help of characters sum estimates, we end up with
asymptotic results, for the existence of the elements we seek.

@ If necessary and desirable, we deal with the remaining cases with a
case-by-case approach.
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Background material Characters and chatacter sums

Characters and character sums play a crucial role in characterizing
polynomials and elements of finite fields with the desired properties and in
estimating the number of elements and polynomials who combine all the
desired properties. The definition of a character is essential.

Definition

Let & be a finite abelian group. A character of & is a group homomorphism
® — C*, where C* stands for the multiplicative group of C. The characters
of & form a group under multiplication, which is isomorphic to &. This
group is called the dual of & and denoted by ®. Furthermore, the character
X0 : & — C*, where xo(g) = 1 for all g € &, is called the trivial character of
®. Finally, by ¥ we denote the inverse of .

A character or exponential sum is a sum that involves characters.
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Background material Characters and chatacter sums

The simplest, albeit very important, form of character sum is the following.

Lemma (Orthogonality relations)

Let x be a non-trivial character of a group & and g a non-trivial element of &.

Then
> x(@)=0 and Y x(g)=0.
xEB

ze®

« The orthogonality relations are true for arbitrary group &.
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Background material Characters and chatacter sums

Given some F' € F,[X], a Dirichlet character modulo F'is a function
X : Fy[X] = C*, such that

© X(G+ FH) = x(G),

@ x(GH) = x(G)x(H) and

© Xx(G)#0 «— (G, F) =1,
for every G, H € F,[X].

« Dirichlet characters are originally defined over Z,

+ Dirichlet characters modulo F are essentially the characters of
(Fy[X]/FF,[X])*, extended to zero.
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Background material Characters and chatacter sums

For x a Dirichlet character modulo M € Fy[X] and n € N set

ANED DD SIS
dln

P monic irreducible
deg(P)=n/d

In particular the logarithmic derivative of the Dirichlet L-function of x
(multiplied by w) is Y77 cn(x)u”. It follows from a famous result of Weil

(1948) that:

Theorem (Weil)

Let x be a Dirichlet character modulo M. Then

O If X # Xo then .
|en(0)] < (deg(M) = 1)g>.

@ Ifx # Xxo and x(IF;) = 1, then

11+ en(x)| < (deg(M) — 2)g2.

V.
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Background material Characters and chatacter sums

We will also use the following result.

Theorem (Garefalakis)

Let)(P) = (P|X? — 4) be the Jacobi symbol of P modulo X*> — 4 andx be a
non-trivial Dirichlet character modulo X**1, where k > 1. The following
bounds hold:

@ Foreveryne N, n> 2,

P monic irreducible, 1)(P)=—1

@ Foreveryn € N, n> 2, nodd,

P monic irreducible, 1 (P)=1
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Background material Characters and chatacter sums

For H € IF,[X], we define the von Mangoldt function as

deg(P), if His a power of the irreducible P,
AH) =<1, if H =1,

0, otherwise.

It follows directly from the definition of A, that

c(x)= D A(H)X(H).

H monic
deg(H)=n
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Background material Characters and chatacter sums

Combining all of the above, we prove:

Proposition

Letn, k€ N,1 < k < nand let x be a non-trivial Dirichlet character modulo
XML, such that x (F7) = 1.

Z A(H)X(H)| <1+ kg2, forn>1.

deg(H):na Hp=1

P irreducible
Po=1,%(P)=¢

where eithere = —1, ore = 1 and n is odd.
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Background material Characters and chatacter sums

+ We will call the characters of Fy» multiplicative characters and the
characters of Fym additive characters. We will denote by x¢ and v the
trivial multiplicative and additive character respectively.

+ We denote a generator of Fy by x4 and call it a generator character. It
follows that every non-trivial multiplicative character x satisfies
X(z) = x4(a™) for some n.

« Similarly, the canonical character is the mapping
Yg(x) = exp(2miTr(z)/p), where Tr stands for the absolute trace
function from [Fj» onto I, It is well-known that the additive
characters are the functions () = 14(yz), for some y € F gm.

We will use additive and multiplicative characters to express the
characteristic functions of the properties we are interested in. Consequently,
character sums of those types will emerge and computations, or estimates of
those will be crucial. The following results provides us such estimates.
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Background material Characters and chatacter sums

The following were originally proved by Weil (1948). Stepanov (1969) and
Schmidt (1976) developed an elementary method for those proofs, known as
the Stepanov-Schmidt method.

Let x be a non-trivial multiplicative character of order n, and F € F jn[X], with
| distinct roots (in its splitting field), such that F' # yH? ~*, then

Y x(F@)| < (1-1)q™.

IEqu

Lemma (Kloosterman sums)

Let 1) be a non-trivial additive character. If y1, 12 € Fym are not both zero, then

> Ylpz+ )| < 24"
ze]FZm
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Background material Characters and chatacter sums

Theorem

Let x be a non-trivial multiplicative character of order n and 1) be a non-trivial
additive character. Let F,G be rational functions in F yn(X) such that
F # yH" and’H € Fyn(X), and G # HP — H + y. Then

> x(F@)e(G(2)] < (deg(G)oo + I+ = I' = 2)q™?,

CEGqu\S

where S is the set of poles of F and G, (G)« is the pole divisor of G, L is the
number of distinct zeros and finite poles of F inF,, I is the number of distinct
poles of G (including o) and I is the number of finite poles of F that are poles
or zeros of G.

A slightly weaker (lacking the term [”) version of the above theorem was
initially proved by Perel’muter (1969). Castro and Moreno (2000) improved
the result to its stated form. Cochraine and Pinner (2006) presented a proof
with the elementary Stepanov-Schmidt method.
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The Hansen-Mullen conjecture for self-reciprocal irreducible polynomials

Part I: The Hansen-Mullen conjecture for self-reciprocal

irreducible polynomials

This work is joint work with Theodoulos Garefalakis and published:

[A T. Garefalakis and G. Kapetanakis.
On the Hansen-Mullen conjecture for self-reciprocal irreducible
polynomials.
Finite Fields Appl., 18(4):832-841, 2012.

[{ T. Garefalakis and G. Kapetanakis.
A note on the Hansen-Mullen conjecture for self-reciprocal irreducible
polynomials.
Finite Fields Appl., 35(C):61-63, 2015.
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The Hansen-Mullen conjecture for self-reciprocal irreducible polynomials Motivation

Hansen and Mullen (1992) conjectured that there exists an irreducible
polynomial of IF, with a coefficient prescribed, with some exceptions.

Conjecture (Hansen-Mullen)

Leta € Fy, let n > 2 and fix 0 < j < n. Then there exists an irreducible
polynomial P(X) = X" + ZZ;& P X* over F, with P; = a except when
j=a=0orqgeven,n=2,j=1,and a = 0.

By considering primitive polynomials with given trace, Cohen (1990) proved
the conjecture for j = n — 1, while Hansen and Mullen proved their
conjecture for j = 1. Wan (1997) proved that the conjecture holds, for

q> 19 or n > 36 and Ham and Mullen (1998) proved the remaining cases
with the help of computers.
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The Hansen-Mullen conjecture for self-reciprocal irreducible polynomials Motivation

Given a polynomial @ € F,[X], its reciprocal Q% is defined as

QR (X) = XD Q(1/X).

One class of polynomials that has been intensively investigatedis that of
self-reciprocal irreducible polynomials, that is, irreducible polynomials that
satisfy Q%(X) = Q(X). Besides the theoretical interest in their existence
and density, self-reciprocal irreducible polynomials have been useful in
applications, and in particular in the construction of error-correcting codes.
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The Hansen-Mullen conjecture for self-reciprocal irreducible polynomials Motivation

« It is natural to expect that self-reciprocal monic irreducible polynomials
over finite fields, with some coefficient fixed, exist. Here, we restrict
ourselves to the case where ¢ is odd and prove that there exists a
self-reciprocal irreducible monic polynomial over IF, of degree 2n with
its k-th coefficient prescribed, provided that

n—k—1
2

16 1
> —k(k+5)+ -.
¢ 2 2 hkt5)+
« With this result in mind, we show that we can prescribe the k-th
coefficient of a self-reciprocal irreducible polynomial of degree 2n,
provided that £ < |n/2], with a small number of genuine exceptions.

« Our proof is based on an estimate of a weighted sum, similar to the one
that Wan considers, the character sums presented earlier and Carlitz’s
(1967) characterization of self-reciprocal irreducible monic polynomials.

Giorgos Kapetanakis (Crete) Ph.D. thesis Tuesday June 2, 2015 171762



The Hansen-Mullen conjecture for self-reciprocal irreducible polynomials Preliminaries

« Carlitz (1967) characterized self-reciprocal irreducible monic
polynomials over IF (srimp): @ is a srimp iff

Q(X) = X"P(X+ X1

for some monic irreducible P of degree n, such that zp( P) = —1, where

Y(P) = (P| X% — 4), the Jacobi symbol of P modulo X2 — 4.

« We compute

0=3 3 ()i

=0 j=0

which imples
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The Hansen-Mullen conjecture for self-reciprocal irreducible polynomials Preliminaries

+ In the last expression, Q) is written in terms of the large degree
coefficients of P. In order to express in terms of the low degree
coefficients of a polynomial, we define.

P=X"P4x1)

and prove that P; = 4" P, _;and ¢(P) = —ey)(P), where ¢ = +1,
depending on g and n.

. It follows that

. k
an 3 (1)en-Soun
0<j<k - 2 =0
k—jE27

where

(E)M', ifk—j=0 (mod 2),
2
0, ifk—j=1 (mod 2).
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The Hansen-Mullen conjecture for self-reciprocal irreducible polynomials Preliminaries

We define 7,1, : Gy, — Fy, H— Z;;O d;H;, where
Gp:={HeF,X] : deg(H) < kand Hy = 1}. We have proved:

Proposition

Letn>2,1<k<mn, anda € F,. Suppose there exists an irreducible

P € Fy[X] with Py = 1, such that )(P) = & and P = H (mod X*!) for
some H € Gy, with 7, j,(H) = a. Then there exists a srimp @, of degree 2n,
with Q = a.

Next, we need to correlate the inverse image of 7, ;, with Gj_;. In this
direction, we prove.

Proposition

LetacFyn>2and1 <k<n Let F= Z?:o F;X' e Fy[X], with Fy =1
and F; = 6k_i5k_1 ,1<i<k—1,and F;, = 5,;1(50 — a). Then the map
T;,i(a) — Gyj_1 : Hw HF (mod X*'1) is a bijection.

Giorgos Kapetanakis (Crete) Ph.D. thesis Tuesday June 2, 2015 20/62



The Hansen-Mullen conjecture for self-reciprocal irreducible polynomials Weighted sum

Letn>2,1 < k< mnandacF, Inspired by Wan’s work (1997) we
introduce the following weighted sum.

wq(n, k) = Z A(FH) Z 1.

Her i (a) Y(P)=¢, P=H (mod X*+1)
It is clear that if w,(n, k) > 0, then there exists some P such that P= H

(mod X**1) for some H € Gy, with 7, x(H) = a and ¥(P) = . Then there
exists a srimp (), of degree n with Q; = a.
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The Hansen-Mullen conjecture for self-reciprocal irreducible polynomials Weighted sum

Let U be the subgroup of (F,[X]/X*F,[X])* that contains classes of
polynomials with constant term equal to 1. The set Gj_; is a set of
representatives of U. Further, the group of characters of U consists exactly
of those characters of (IF,[X]/X**1F [X])* that are trivial on IF,, that is,
U={xe (]Fq[X]/@Fq[X])* : x(F;) = 1}. Using these observations
and the orthogonality relations, we get that

wq(n, k) = kZ Z Z A(FH)X(H)

Xeffw](j%ﬂna HET;,;(a)
= kz > x(PX(G) > A(H)xX(H)
n G —
Xerl(DI%J . HeGy—1

where G is the inverse of F modulo X**1.
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The Hansen-Mullen conjecture for self-reciprocal irreducible polynomials Weighted sum

We separate the term that corresponds to xg and we get

wa(n,k)—ﬁq(:]c’g) Z A(H)| <

HeGy—q
1 —
Fo | 2 xP| 3D AU,
X#Xo | PETn, ¥(P)=¢ HEG,_1

where my(n,e) = [{ P irreducible of degree n : ¢(P) = e}|.
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The Hansen-Mullen conjecture for self-reciprocal irreducible polynomials Weighted sum

Then we use estimates for >y, A(H) and > -y, | A(H)X(H) and
prove the theorem below.

Letn>2,1<k<n, and a € F,. There exists a srimp Q € F,[X], of degree
2n with Qr = a if the following bound holds.

MEED) (Ja+ 1)gE.

Using known estimates for m,(n, —1), we conclude that:

Letn>2,1<k<n, anda € F,. There exists a srimp Q € F,[X], of degree
2n with Q = a if the following bound holds.
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The Hansen-Mullen conjecture for self-reciprocal irreducible polynomials

Our final step is to content ourselves for k < n/2 and solve the resulting

The restriction k < n/2

problem. Using the theory developed earlier, we conclude that there exists a
srimp over [F, of degree 2n with its k-th coefficient prescribed, if

mq(n, —1)

L l2)(n/2) +5)

n

(Va+ 1) (g% —1)q"2.

This bound is always true for n > 27. For n < 27 this bound is satisfied for
the pairs (¢, n) described below

Giorgos Kapetanakis (Crete)

Ph.D. thesis

n 3 4 ) 6 7 8 9 10
q||=>149 | >839 | >37|>59|>17|>23|>11|>13
n 11 12 13 14 15 16 17 18
q| =29 >9 | 27| 27| 25| 27| =>25| 25
n 19 20 21 22 23 24 25 26
q| =95 >5 | 25| 25| =25 |25|2=23| 25
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The Hansen-Mullen conjecture for self-reciprocal irreducible polynomials The restriction k < n/2

Summing up, we have theoretically proved that:

If n > 3 an integer and q a power of an odd prime, then there exists a srimp of
degree 2n such that any of its | n/2] low degree coefficients is prescribed, if
either n > 27 or ¢ > 839.

For the remaining cases, computers searches have been employed. The
computer results, combined with the above imply the following.

Theorem
Let n > 3 an integer and q a power of an odd prime. If k < n/2 and a € F,
then there exists a srimp of degree 2n such that any of its k-th coefficient is
prescribed to a, unless

©®q¢=3n=3,a=0andk=1 or

®qg=3n=4,a=0andk=2.
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Extending the (strong) primitive normal basis theorem I

Part Il: Extending the (strong) primitive normal basis

theorem |

This work is published in:

[d G. Kapetanakis.

Normal bases and primitive elements over finite fields.
Finite Fields Appl., 26:123-143, 2014.
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Extending the (strong) primitive normal basis theorem I Motivation

+ A generator of the multiplicative group Fy is called primitive. It is
well-known that primitive elements exist for every ¢ and m. Primitive
elements are used in various applications, such as the Diffie-Hellman
key exchange and the construction of Costas arrays, used in sonar and
radar technology.

+ An element z € [Fm is called free over IF, (or just free) if the set
{z, 21, xq2, - ,:L“qmil} is an [F ;-basis of Fym. Such a basis is called
normal. Hensel (1888) proved the existence of normal basis (normal
basis theorem). He also observed their computational advantages for
fast arithmetic. Naturally, software and hardware implementations,
used mostly in coding theory and cryptography, use normal bases.

+ Both primitiveness and freeness are properties common to either all or
none of the roots of an irreducible polynomial, hence one can define
primitive polynomials and free polynomials naturally.

Giorgos Kapetanakis (Crete) Ph.D. thesis Tuesday June 2, 2015 28/62



Extending the (strong) primitive normal basis theorem I Motivation

Both primitive and free elements exist for every g and m. The existence of
elements that are simultaneously primitive and free is also well-known.

Theorem (Primitive normal basis theorem)

Let g be a prime power and m a positive integer. There exists some x € IF jn
that is simultaneously primitive and free over I ;.

Lenstra and Schoof (1987) were the first prove this result. Cohen and
Huczynska (2003) provided a computer-free proof, using sieving techniques.
More recently, a stronger result was shown.

Theorem (Strong primitive normal basis theorem)

Let g be a prime power and m a positive integer. There exists some x € IF jn
such that z and =1 are both simultaneously primitive and free over F ,, unless
the pair (g, m) is one of (2, 3), (2,4), (3,4), (4,3) or (5,4).

Tian and Qi (2006) proved this for m > 32, but Cohen and Huczynska (2010)
extended it to its stated form, with the help of their sieving techniques.
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Extending the (strong) primitive normal basis theorem I Motivation

The problem we are considering here is the following.

Problem

Let q be a prime power, m a positive integer and A = ( a g) € GLa(F,). Does
there exist some primitive & € F gm such that both z and (ax+ b)/(cx + d) are
free overIF;?

« We solve this problem completely.

+ Although not quite clear, this problem qualifies as an extension of the
strong primitive normal basis theorem, since they both have three
genuine conditions. Namely, here we demand that the arbitrary
Mébius tranformation (az + b)/(cz + d) to be free, instead of just 27!

Giorgos Kapetanakis (Crete) Ph.D. thesis Tuesday June 2, 2015 30/62



Extending the (strong) primitive normal basis theorem I Vinogradov's formula

+ Fyn (the multiplicative group) can be seen as a Z-module under the
rule ro z:= 2" and Fyn (the additive group), can be seen as an
F,[X]-module, under the rule Fo z:= Y7 Fa?.

+ The fact that primitive elements exist for every finite field and the
normal basis theorem, imply that both modules are cyclic, while the
elements that are interesting for us, i.e. primitive and free elements, are
the generators of those modules.

« It is now clear that we are interested in characterizing generators of
cyclic modules over Euclidean domains.
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Extending the (strong) primitive normal basis theorem I Vinogradov's formula

+ Let R be a Euclidean domain and M a cyclic finite R-module and g a
generator. M has also the structure of an abelian group, hence M is
well-defined agg can also be seen as an R-module, while it is not hard
to show that M is also cyclic.

« Let z € M. The annihilator of zis an ideal or R and, as such, has a
unique generator. This is called the order of x and denoted by ord(z).

« Fix some r € R, with 7| ord(g). We call = r-free if z = d o y, for some
d| rand y € M implies d = 1. Clearly, zis an R-generator of M if and
only if it is ord(g)-free.
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Extending the (strong) primitive normal basis theorem I Vinogradov's formula

We define the following functions for d € R, d | ord(g):
@ The Euler function is defined as ¢(d) := |(R/dR)*|,
® the Mobius function is defined as

(d) {(—1)’“, if dis a product of k distinct irreducibles of R,
pla) =

0, otherwise

© and 0(d) := ¢(d)/|(R/dR)|.

Now, with the help of the orthogonality relations, we prove the following.

Proposition (Vinogradov’s formula)

The characteristic function for r-free elements is

oe ﬂ(ﬂ)Z% Y x(@,
djr xEM, ord(x)=d

where 1’ stands for the square-free part of .

4
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Extending the (strong) primitive normal basis theorem I Vinogradov's formula

We call Order of 2 € Fyn (note the big ‘O’) its additive order and denote it
by Ord(z). This means that Ord(z) | X™ — 1. The Order of the additive
character 1) is defined accordingly. For G | X™ — 1, we call z G-free, if
= Ho yforsomey € Fynand H| G, implies H= 1. Then the
characteristic function of G-free elements is

u(F
Qc(z) =0(G) (F) > ¥(z),
F|G, F monic welﬁ‘/q;l, Ord(¢)=F

where G is the square-free part of G. Also, free elements are exactly those
of Order X™ — 1, i.e. those that are Fy-free, where Fj is the square-free part
of X™ —1,ie. Fy:= X™ — 1, where mg is such that m = mop® and
(mo, p) = 1.
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Extending the (strong) primitive normal basis theorem I Vinogradov's formula

Similarly, order of z € IFym (note the small ‘0’) is the multiplicative order of x
and denoted by ord(z). The order of a multiplicative character is defined
naturally. Also, for 7| ¢™ — 1, we call z r~free, if w | rand z = y* implies

w = 1. The characteristic function of r-free elements is

wy(2) ::9(%)2222 > x(),
d|r

—

XEF;m sord(x)=d

where 7/ is the square-free part of . Further, primitive elements are exactly
those that have order equal to ¢™ — 1, that is those that are (¢™ — 1)-free, or
qo-free, where ¢ is the square-free part of ¢™ — 1.
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Extending the (strong) primitive normal basis theorem I Some estimates

- Let A= (%Y%) € GLy(Fy), ¢1 | qo and F; | Fo, for i =1, 2. Set
k := (q1, F'1, F») and call it a divisor triple. We call z € Fn k 4-free, if
zis q1-free and Fy-free and (az+ b)/(cz+ d) is Fa-free. Also, N (k)
stands for the number of z € [F;n that are k 4-free.

+ Setw = (q(), Fo, Fy) and 1 = (1, 1, 1).

+ We also define some arithmetic between divisor triples (division,
multiplication, prime divisor triples, gcd of divisor triples)

+ Set t, to be the number of prime (or irreducible) divisors of rand
W(r) := 2%, 1t follows that e l(d)] = W(n).

- Fork = (q1, F1, F2) we will denote by f(k) the product f(q1)f(F1)f(F2),
where fmay be 6, ¢, ;1 or W.

Foranyre N, W(r) < cnarl/“, where ¢, = 2°/(p1 - -ps)l/a and p1,. .., Ds
are the primes < 2% that divide r.

Giorgos Kapetanakis (Crete) Ph.D. thesis Tuesday June 2, 2015 36/62



Extending the (strong) primitive normal basis theorem I Some estimates

Clearly our aim is to prove that N4(w) > 0. The proposition below is our
first step towards this.

Proposition

Let A= (2%) € GLy(F,) and k be a divisor triple. If (g, ¢) # (2,0) and
¢™? > 3W(k), then NA(k) > 0.

« If g=2and ¢ =0, then A = (} 1), hence we are looking for some free
7, such that x4+ 1 is also free, |mp055|b|e for odd m and always true for
even m.

« The proof is divided in two parts, ¢ # 0 and ¢ = 0, since different types
of character sums arise in each case.
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Extending the (strong) primitive normal basis theorem I Some estimates

Sketch of the proof for the case ¢ # 0.

Since w and (2 are characteristic functions, we have:

Na(k)= ) we(2)2p (2)02p,((az+ b)/(cz+ d))
z#—d/c

—o) Y ’;EB ST x@™)6,(G(),

1k ord(x1)=d1, z£—d/c
1=(d1,G1,G2) Ord(¢1)=G1,
Ord(v2)=G2

for some n; € Nand G € Fy(X). By using the character sum estimates
presented earlier and separating some cases, we prove that the inner sum is
bounded by 3qm/2, unless (di, G1, G2) = 1. We then separate the term that
corresponds to that triple and show that

Na(k)/0(k) > ¢™2(¢™* — ¢™?* — 3(W(k) — 1))

and the desired result follows. ]
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Extending the (strong) primitive normal basis theorem I The sieve

Following Cohen and Huczynska (2003 and 2010), we introduce a sieve that
will help us get improved results.

+ Let k be a divisor triple. A set of complementary divisor triples of k,
with common divisor kg is a set {k1, ..., k;}, where k; | k for all 4, their
least common multiplier is divided by k and (k;, k;) = ko for 7 # j.

« If kq,..., Kk, are such that k; = kgp;, where p1, ..., p;, are distinct
prime divisor triples, co-prime to kg, then this set of complementary
divisors is called a (ko, r)-decomposition of k.

« For a (kg, r)-decomposition of k we define § :=1—3%""_, 1/|p;| and
A= (r—1)/0+2.
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Extending the (strong) primitive normal basis theorem I The sieve

With a help of a tricky induction, we prove:

Proposition (Sieving inequality)

Let A € GLy(F), k be a divisor triple and {ki, ..., k,} be a set of
complementary divisors of k with common divisor kg. Then

) > Z Na(k;) — (r—1)Na(ko).

Which implies

Proposition

Let A= (2Y) € GLy(F,). k be a divisor triple with a (ko, r)-decomposition,
such that 6 > 0 andkg = (q1, F1, F1). If (¢, ¢) # (2,0) and
¢™? > 3W(ko)A, then Ny(k) > 0.
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Extending the (strong) primitive normal basis theorem I The sieve

It follows from well-known results that Fj splits into ¢(mg) /s irreducibles of
degree s, where s is minimal such that g | ¢ — 1 and some others of degree
dividing s. We denote the product of those with degree s by Gy.

Proposition

Let A= (2Y) € GLy(Fy). (¢, ¢) # (2,0), {h, ...} be aset of distinct
primes (this set may be (), in which case t = 0) dividing qy and
1o := deg(Fo/ Go). If

¢*(2(mo — 10) + s(t = 1))

sq® (1 5 1/zz-) — 2(mo — 7o)

+21,

3
¢ > = Wiqo) W2(Fo/ Go)

2

then Ny (w) > 0, provided that the above denominator is positive.
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Extending the (strong) primitive normal basis theorem I Evaluations

Using previous results, we begin to prove that Ns(w) > 0, by distinguishing
the following special cases:

mp < 4: Additive sieving is unnecessary.

mp = q— 1: Fy splits into ¢ — 1 linear factors. We use additive sieving on
roughly half of those factors.

mg | ¢ — 1: Fy splits into linear factors. We sieve all those factors.

m = 2: This is a special case altogether, treated separately.
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Extending the (strong) primitive normal basis theorem I Evaluations

Sketch of the proof for the case my | ¢ — 1.
Here, Gy = Fp and s = 1. It follows that N (w) > 0 if

Since W(qo) < 4.9¢™/* this implies that another sufficient condition would

be

g™t > 3. 4.9 <q<2mo mt) 2) .

q—2mg

The latter always true for mg > 12. We explicitly check the validity of the
two above conditions for 3 < mg < 11 and end up with a set of 89 pairs
(g, m) of possible exceptions. If 4.9 above is replaced by the exact value of
Cqo,4 then the list is furtherer reduced to 20 pairs. For those pairs we try to
apply sieving on the multiplicative part as well and succeed on half of
them. O
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Extending the (strong) primitive normal basis theorem I Evaluations

Next, we focus on the case mg > 4 and s # 1. We define p := tg /¢, /mo,
where tz /¢, stands for the number of irreducible factors of F/Gy. Now,
NA(W) > 0, if

2¢°(1 — p)mg — s¢°
m/2 5 3. 4Pmo 1y <q +2).

It follows that some knowledge regarding the value of p is required.

Lemma (Cohen-Huczynska)

@ Assume mg > 4 and g > 4. If mg = 2ged(m, ¢ — 1) with q odd, then
s=2andp=1/2.

@ Ifmy=4ged(m,q— 1) withg=1 (mod 4), then s =4 and p = 3/8.
© Ifmy=06ged(m,q—1) withqg=1 (mod 6), then s = 6 and p = 13/36.
O Otherwise p < 1/3.

O Suppose mp > 4. If g=4 and m & {9,45}, thenp < 1/5. If ¢ = 3 and
m # 16, thenp < 1/4. If g=2 and m & {5,9, 21}, then p < 1/6.
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Extending the (strong) primitive normal basis theorem I Evaluations

We explicitly check each of the cases described in the last lemma and we
deduce the following.

Let A= (2%) € GLa(F,). If g# 2 or A # (} 1), there exist some primitive
z € Fym, such that both x and (az + b)/(cz + d) produce a normal IF ;-basis of
Fym, unless (g, m) is one of the 70 pairs listed below.

Case | Possible exception pairs (g, m) | #
mo < 4 (8,6), (5,5), (4,6), (3,12), (3,6), (2,12), (2,8), (2,6), (2,4), (4,4), | 23
(8,4), (3,4), (7,4), (11,4), (19,4), (23,4), (2,3), (3,3), (5,3), (8,3)
(9.3), (11,3), (23, 3)
mo=q—1 | (4,3),(5,4),(7,6),(8,7),(9,8), (11, 10), (13,12), (16, 15)
moTa—1 | (7.3), (9,4), (I1,5), (13,3), (13,4), (13,6), (16.3), (17,4), (19,3), | 10
(25,3)
s> 1/3 | (5,8), (7,12), (13,8), (5, 16) ]
p<1/3 | (5,6),(5,12), (7,5), (11, 6) 2
7<5 (3,5), (4,7), (4,9), (4,15), (3,5), (3,7), (3,8), (3,10), (3,16), (2,5), | 15
(2,7),(2,9), (2,11), (2,15), (2,21)
m=2 (2,2),(3,2), (4,2), (5,2), (7,2), (11,2) 6

Total: | 70
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Extending the (strong) primitive normal basis theorem I Completion of the proof

Our final step is to examine the remaining cases one-by-one and identify the
true exceptions to our problem. In order to perform all the necessary tests, a
computer program was written in Sage. These are the results.

Table: ¢ = 2.
[ m [ f€ Fa[X]irreducible [ @ € Fom primitive, such that zand A; o x free
2 X2+ X+1 Bfori=0,1,2
3 X3+ X+1 B+ 1fori=0,2; Nonefori=1
4 XT 4 Xx+1 None for i = 0; 8° + 1fori= 1,2
5 X° + X2 11 B3fori= 0,8+ Lfori= 1,82+ B+ Lfori=2
6 X x4 X3+ x+1 B3 f1fori=0,8+B+1fori=1,2
7 X7+ X+1 B3+ B+ 1fori=0;8%+pB2+1fori= 1,8+ 1fori=2
8 X xT xS+ x27+1 B° + Bfori=0;8° + B+ 1fori=1,2
9 X9+ x* 11 BYT 4 B+ 1fori=0;8+ 1fori=1;82+ B+ Lfori=2
M| XT1+ X241 B3 4 1fori=0;8+ 1fori= 1,82 + B+ 1fori=2
12 | X2+ X T+ X5+ X+ X3+ X+1 | BS+1fori=0,1,2
B XP X0+ xT X241 B3 F1fori=0;8+1fori= 18T +p8%+8%2+ B+ 1for
i=2
21 | XX+ X+ X2+ 1 B +B7+B+1fori = 0;85+B+1fori= 1; 5 +B5+p+1
fori=2
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Extending the (strong) primitive normal basis theorem I Completion of the proof

Table: ¢ = 3.
[ m | f€ F3[X]irreducible [ @ € Fam primitive, such that zand A o z free
2 X2 ox+2 B +24);B(6)
3 | X3 t+2X+1 262 + 103 6% +10)
4 X r2x3 42 B(7):28 ()
5 X5 f2X+1 B+16:EB+20);8+2()
6 | X° +2XX+ X2 2X+2 BZ+1(6:8%+B+20);8T +282(
7 | X +2x2+1 B% +1(2:28+2@:B+2(
8 | X+2xP+xT+2x?tox+2 | BT+ B +1@ B + 87 +28+103:87 + 85 +1(1:87 +28(2
10 | X042X012X0 42X +X+2 | BP +2B+ 1():B° +2B° +1(1528° + B+2()
2| X2 X X+ X+ X242 | BT+ 28420658 +B°+BGB 82 +B+20
16 | XT0ax"+2XP+axT+2X3+ | B+20)28+10:A7+2(1:287+1(1:285+87+1(1): 5 +287 +2

2X2 4+ X+ 2

(0]
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Extending the (strong) primitive normal basis theorem I Completion of the proof

Table: ¢ = 5.
[ m | f€ Fs[X]irreducible [ @ € Fgm primitive, such that zand A o x free |
2 [ X2 44X +2 B(22); B+ 4(6)
3 | X°+3X+3 B+323)28+4(1x8+4@)
4 | XFrax?rax+2 B% + B+ 1(15: 8% + 38 + 3(5): B + 38 + 4 (1) None (4); 8% + 48
(1282 + B+ 1128 +38()
5 | X0 +4X+3 BF + 13 8% +20)
6 | XP+xT+4ax3+ X7 +2 BZ + 11282 + 48 + 34 B2 + 2B +4(5); 8% + B (6,287 + 28
(1:38% +3(1
8 | X®+xP+3x7+4X+2 B3 +28+2(9: B85 +38+2(6):8° +26+ 1105 +48 + 32
B3 +38+41):8% +48+4()
12 [ X4 X+ X0 +4axT 44X+ | B+4(14:38 +2(6528 +3 (748 + 12
3X2 42X+ 2
16 | X0+ XS +aXT+4X0+4x0+ | 282 + 48 + 1 (1) B2 + 2B + 3 (7); B2 + 2 (10); B2 + 48 + 3 ()
2x* +4x3 +4X% + X 42 38% +28+4(1:28% +4()
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Extending the (strong) primitive normal basis theorem I

Completion of the proof

Table: ¢ € {7,11}.

l q [ m [ f € Fy[X] irreducible [ z € F m primitive, such that zand A o z free
7 X2+ 6X+3 B (46); B + 1 (8)
X+ 6X> 14 B +1(16) 8 +6(3): 8 (35)

XT 4+ 5X2 +4X+ 3

B+ 146); 8 +3(8)

X+ X+4

B+ 1(46): 38 + 4 (8)

ala|a|w|n

6X+ 3

X+ Xt 4+ 5X° +4Xx% +

B‘+56(8) 6Z+46(9> BZ+4,3+2£12 ): BZ+58+4(6): 7 +33+6
(16): 282 + B(1; 82 + 68 + 615 8% + 68+ 1()

2x% 4 4x* +

12 X121 oX® +5X7 +3X° +
5x2 4 3

BZ+4B+1(15) 3ﬁ‘+3ﬂ+4()2ﬂ‘+ﬁ+2<1>5 + B+ 6
B2 +58+4(6:28%+38+11:82+58+3(0)

X2 +7X+2

B(118); B + 7 (12)

X3 12X +9

B+ 17(12): 8 4 4(118)

B+2018):8+5(10; 8 +6(2)

X° +10X% +9

B+ T7(©6s8+4(78);8+ 5358+ 1001)8 + 9(10)

TX+2

2
3
4 XT 4+ 8XZ +10X + 2
5
6

X0 1 3xT+4x3 +6X% +

B+ 3(118); 8+ 8(10:28 +5(2)

6X2 +6X+2

10 X041 7Xx° 4 8XT+10X5 +

B+ 10(22):; B+ 4 (598 + 7(33;28 + 3 (1328 + 9(2:28 + 8(1)
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Extending the (strong) primitive normal basis theorem I Completion of the proof

Table: gis a prime > 13.

[[a [ m [ f€Fy[X]irreducible [ @ € Fym primitive, such that zand A o zfree |
B3 [ X3+2X+11 B+ 5(142): 28 + 6 (15 28 + 3 (2128 + 8 (128 + 9 (1)
4 XT 1 3Xx7 412X + 2 B+ 2(142); B + 4 (32); B + 11 (6)
6 | XPHI10XP+11XZ+11X+ | B5+B+9@;B° +B+3E1:8° + B(118)B° + B+ 7(28)
2
8 XZ+8XT+12X°+2X7+ | B+ 1(13158 +3(42; B+ 56 8 + 11 (1)
3X+2

12 X127 + X%+ 5X7 +8X° + B+ 11@37); 8+ 3(59;28 + 1(13); 8 + 737 B + 6 (15); 38 + 5 (1);
11X° 43X+ X3+ X2+ | 28+5@2;B8+9(13:28 +9(2:38 + 7(1)

4X + 2
17 | 4 X1 7X7 £ 10X + 3 B+ 9(222); B+ 10 (58); B + 13 (21% 28 + 3 (1): 28 + 3 (2)
19 | 3 X3 4 aX+17 B+ 3(322); B + 5 (52); B + 6 (4)

4 XT+2X7 411X +2 B+ 1(322); 8+ 5(50; 8 +8 ()8 +9(1)
23 | 3 X3 12X+ 18 B+ 9 (526); B + 3 (24)

4 X 1+ 3X2 +19X+5 B+ 7(20): 8+ 9238+ 11(1)
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Extending the (strong) primitive normal basis theorem I Completion of the proof

Table: ¢ = 4.

In that case, Fy = Fo (), where v is a root of X2 + X 4+ 1 € Fa[X].

[ m [ FeFX] [[z€Fgm |
2 X2+ X+ a aB + a+ 1(18)
3 | X +aX+(a+t DX +o afZ + (o + 1) + a + 103 aBZ + af 8 af? +
af + a+1@3);None@;af? + (a+ 1B +1(1)
4 X1 X2 (a+1)X+a a3 (15); a5 + o (3)
5 Xt (a+ D)X T+ X+ a af + a(14); (o + 1)3 (4)
6 | X4 (a+ DX+ @+ DX +X°+X+a+1 | apZ+aB)af®+a@
7 X +aX0 + X0 + (a+1)X° + X2 +aX+1 | aB(13)aB + 1)
9 X4+ (a+DXE +aX + X+ (a+1DX°+ | aB?+aB@raB?+aBf+1Q);(a+1)BZ+aB+1
ax* + X3+ (a+1)X+1 WoB+aB+a+1@aB’+B8+a+1()
5[ X +aXa+ (a+DXB+X2+aX 1+ | (a4 1DB% +af +a@ab®+af+16)ap” +
aX 04+ X84+ X"+ X0 4 X 4 (a+ 1) X3 +aX+1 | (a+DB+1(B2+B+a+10paB’+B8+12)
B2 taBt+at1(y(at B2+ (at+B+a
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Extending the (strong) primitive normal basis theorem I

Completion of the proof

Table: g € {8,9}.

[ [ heFX] m [ f€Fq[X] [ c€Fm
8 | X°+X+1 3 X r(a?+a+1)X2+ (2 + D)X+ | aB@laB + a9
a2 +a+1

4 XTI+ @2+ )X+ (@ Fa)X? +
(a2+a)X+a2+1

aB (62); af + a + 1(8)

6 Xt (@?+a+1)X° + (o +a+
DX+ X2+ (@ +a+1)X+1

a3 (70)

7 X"+ (@Z+a+1)X° +(a+1)X° +
@2+ 1)x +a2X3 4 (a+1)X2 +
(a4+1D)X+a?+1

aB?+aB+a®+a@yaB?+aB+a”(8);
aB? +aB+a (22 aB8% + aB 7 af? +
aft+a?+1@aB?+af+a?+a+tl
2

9 | XZ7+2Xx+2

3 X+ X2 ta+1

afB (80 aB + o (8)

4 X (a+2) X5 F2X2F (a+1)X+
2a0 + 1

aB +a+1(63);aB + a+ 2 (155 aB? +
af +a+1@7);(a+ 1)B + 2a + 1(1);
aB’+(a+2)B+2(M:(a+1)8+1) (1)

8 XB 4+ (2a+2)X +2aX° +2aXT+
2X3 4+ (2a+1) X2+ (2a42) X+a+2

ap?+aBf+2a+1@aB?+af+a+2
19 a2+ (20 +1)B+1@);ap? +af+
2a 4 2 (1) aB? 4+ (2a + 1)B (2 B> +
28 4+ 20+ 1(1)
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Extending the (strong) primitive normal basis theorem I Completion of the proof

Table: g € {16,25}.

[a | heF[X [ m [ FeFX] [[z€Fgm |
16 | XTHX+1 3 X3+ (a+ )X+ a? af+a(223); af+a+1@1);aB+a’+a+1
(6)

15 | XP @@+ D)XT (@ +a?+ | af+a3 (93);aﬁ+o<+1(21§ aB + o (133);
at+ )X 4ol X2 pax (o + | @Bt al +1(7af +a® +a+ 10
a+1)X10+(a3+a2)X9+aX8+ af 4+ a” + a(2)
(@? +a) X + (a®? +1)X0 + (o +
) X® + (@ +a+1)X* +a2X3 +
(a3+a2)X2+(a2+a)X+a3+a
5 | X2+4x+2 | 3 X34 (Ba+3)X? 20X +2a+2 | aB (75); aB + a (67); a + 2o + 2 ()
aB + 2a +1(1)
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Extending the (strong) primitive normal basis theorem I Completion of the proof

Summing up, we have proved:

Theorem

Let q be a prime power, m > 2 an integer and A = (2 %) € GLy(F,), where
A # (§31)if g=2 and m is odd. There exists some primitive © € Fgn, such
that both x and (az + b)/(cz + d) produce a normal basis of F gm over F,,
unless one of the following hold:

O ¢=2m=3andA=(9})ord=(19),

® ¢= 3, m=4and A is anti-diagonal or

O (¢ m)is(2,4),(4,3) or(5,4) and d = 0.

+ We have exactly the exceptions appearing in the strong primitive
normal basis theorem.

+ We have no exceptions at all if all of the entries of A are non-zero!

« All the exceptions described above are genuine (not just possible).
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Extending the (strong) primitive normal basis theorem II

Part Ill: Extending the (strong) primitive normal basis

theorem Il

This work is published in:

[d G. Kapetanakis.
An extension of the (strong) primitive normal basis theorem.
Appl. Algebra Engrg. Comm. Comput., 25(5):311-337, 2014.
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Extending the (strong) primitive normal basis theorem II Motivation

The problem we consider here is the following.

Problem

Let q be a prime power, m a positive integer and A = (¢ %) € GLy(F,). Does
there exist some x € F g such that both = and (az + b)/(cx + d) are
simultaneously primitive and free over I ;?

« This problem and the problem we considered in Part Il, are similar, but
not identical, i.e. in Part Il we had three conditions (x is primitive, x is
free over Fy and (az+ b)/(cxz+ d) is free over IFy), while here we also
demand (az + b)/(cz+ d) to be primitive. Still both problems are
natural extensions of the primitive normal basis theorem and its strong
version.

« We do not solve this problem completely, but we show that it is true,
provided that ¢ and m are large enough.
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Extending the (strong) primitive normal basis theorem II Some estimates

In this setting, we work with divisor quadruples, like for example
k := (q1, g, F'1, F2), where g; | o and F} | Fo.

Their arithmetic is analogous to that of divisor triples.

Two special quadruples are w := (qo, qo, Fo, Fp) and 1 := (1,1,1,1).

Similarly as before, our aim is to prove that N4(w) > 0.
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Extending the (strong) primitive normal basis theorem II Some estimates

Our first step is to prove the following.

Proposition

Let A= (2%) € GLy(F,) andk be a divisor quadruple. If ¢™% > AW(k),
then N (k) > 0, provided that q # 2 and if A has exactly two non-zero entries
then their quotient is not a square in IF ;.

The proof of the above is much more elaborate than its analogue in the
previous setting. In particular, the following cases have to be distinguished:

@ matrices that are neither upper triangular nor anti-diagonal,
® upper triangular matrices that are not diagonal,
© anti-diagonal matrices and

O diagonal matrices.
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Extending the (strong) primitive normal basis theorem II The sieve

By introducing a sieve, like in the previous setting, we relax the condition we
proved earlier and show the propositions below.

Proposition

Let k be a divisor quadruple with a (kg, r)-decomposition, such that § > 0 and
k() = (ql, q1, Fl, Fl)forsome q | qo andF1 | Fo. IfA € GLQ(Fq), q> 2 and
q™? > 4W(ko) A, then N (k) > 0.

Proposition

Let{l;,...l;} be a set of distinct primes (this set may be (), in which case t = 0)
dividing qo and 1 := deg(Fy/ Go). If

gz > 4R (o) WP <F0> ¢°(2(mo - ro) + s(2t — 1))
s¢° (1 - 222’:1 1/ll> - 2(7710 e T’Q)

+21,
Go

then N(w) > 0, provided that the denominator of the inequality is positive.
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Extending the (strong) primitive normal basis theorem II Evaluations

As before, we use the theory developed earlier and show that Ns(w) > 0
when ¢ > 23 and m > 17 for the following cases:

0 mo <4,

@ my=q—1,
©® mol|qg—1,

0 p=1/2

0 p=3/8,

0 p=13/36 and
@p<1/3.
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Extending the (strong) primitive normal basis theorem II Evaluations

Summing up, we have shown the following result.

Theorem

Let ¢ > 23 be a prime power, m > 17 an integer and A = (2 %) € GLy(F,),
such that if A has exactly two non-zero entries and q is odd, then the quotient
of these entries is a square in F gn (thus A may have two, three or four non-zero
entries). There exists some x € F gn such that both x and (az + b)/(cxz + d) are
simultaneously primitive and free over IF,.
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THANK YOU!
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